Arcs and wedges on rational surface singularities  by Reguera, Ana J.
Journal of Algebra 366 (2012) 126–164Contents lists available at SciVerse ScienceDirect
Journal of Algebra
www.elsevier.com/locate/jalgebra
Arcs and wedges on rational surface singularities
Ana J. Reguera
Dep. de Álgebra, Geometría y Topología, Universidad de Valladolid, Prado de la Magdalena s/n, 47005 Valladolid, Spain
a r t i c l e i n f o a b s t r a c t
Article history:
Received 18 April 2011
Available online 12 June 2012
Communicated by Steven Dale Cutkosky
Keywords:
Rational surface singularities
Arcs
Wedges
Resolution of singularities
Given a rational surface singularity (S, P0) over an algebraically
closed ﬁeld of characteristic 0, we prove that its minimal desingu-
larization satisﬁes the property of lifting wedges centered at those
stable points Pα of the space of arcs S∞ which correspond to the
essential divisorial valuations. This proves the Nash problem for ra-
tional surface singularities and, more generally, reduces the Nash
problem for surfaces to quasirational normal singularities which
are not rational. In positive characteristic, we give counterexam-
ples to the k-wedge lifting problem for the surface singularity
x3 + y5 + z2 = 0.
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1. Introduction
In 1968, J. Nash [Na] proposed to study the space of arcs X∞ of a singular variety X , in the context
of the proof of resolution of singularities in characteristic zero by H. Hironaka. More precisely, if the
base ﬁeld has characteristic zero, from the existence of a resolution of singularities, he deﬁnes an
injective map NX , called Nash map, from the set of arc families, i.e. irreducible components of the
space of arcs XSing∞ on X centered in the singular locus of X , to the set of essential divisors over X .
He asked whether, for surfaces, this map is surjective and, in higher dimensions, how complete is the
description of essential divisors by arc families.
In 1980, M. Lejeune-Jalabert [Le] launched a new idea in relation with the problem: to use arcs
in the space of arcs, or equivalently, wedges. Although X∞ is not a Noetherian space, in 2006, the
author [Re2] proved a ﬁniteness property on X∞ which gives rise to a curve selection lemma ending
at the (scheme theoretic) points Pα of X∞ corresponding to arc families, which are stable points
of X∞ . In [Re2] the image of the Nash map was characterized in these terms. Moreover, in a further
development, in [Re3], a property which is stronger in principle than the property of lifting wedges
was considered: a resolution of singularities Y of X satisﬁes the property of lifting wedges centered at
E-mail address: areguera@agt.uva.es.0021-8693/$ – see front matter © 2012 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.jalgebra.2012.05.009
A.J. Reguera / Journal of Algebra 366 (2012) 126–164 127Pα if every wedge on X whose special arc is Pα lifts to Y . This property holds if and only if Pα is a
point of codimension one in X∞ .
The property of lifting wedges centered at any of the points Pα to a desingularization has been
proved in all the cases where the Nash map has been proved to be bijective, and fails in the well-
known 4-dimensional example given by S. Ishii and J. Kollár [IK] in 2003, for which the Nash map
is not surjective. The fact that uniruled does not imply birationally ruled for projective varieties of
dimension  3, is crucial in the construction of the example. A deeper study of this idea in [LR2]
allowed us to reduce the property of lifting wedges centered at Pα to those essential divisors να
which are uniruled. In particular, this property of lifting wedges for surface singularities over C is
reduced to the case of quasirational surface singularities, i.e. those for which the exceptional curves
of a desingularization are rational curves.
In this article we prove that the minimal desingularization Y of a rational surface singularity
(S, P0) over an algebraically closed ﬁeld of characteristic zero satisﬁes the property of lifting wedges
centered at any of the points Pα deﬁned by the arc families, and in particular, the Nash map for S
is surjective. A ﬁrst approach consists in giving a good framework to work on, generalizing what was
done for sandwiched surface singularities in [LR1]. For this purpose, for each end of the dual graph,
we pick an effective Cartier divisor xi on S whose strict transform in Y meets only the exceptional
curve deﬁned by the end. Then, for each divisorial valuation ν on S , we study the information con-
tained in the initial forms of the xi ’s with respect to ν . Their values are considered in Theorem 2.10.
We deduce a combinatorial obstruction to the existence of wedges Φ : Spec K [[ξ, t]] → S with special
arc centered at some Pα and which do not lift to Y (Corollary 3.10). In particular, Pα determines a
nonminimal node (Deﬁnition 4.1) in the dual graph of the exceptional curves of Y . Sections 2, 3 and 4
are written for ground ﬁelds of arbitrary characteristic.
Finally, if chark = 0, the divisorial valuation deﬁned by the exceptional curve Eβ corresponding to
such a nonminimal node, has an extension to the total space Spec K [[ξ, t]] of Φ which produces a
k-morphism P1K → P1k ∼= Eβ (Proposition 5.6). The nonexistence of Φ (Theorem 5.7) is then a con-
sequence of Hurwitz’s theorem and the trinomial structure of T. Okuma’s equations [Ok] for the
universal Abelian covering of a rational surface singularity up to equisingular deformation. Two inter-
esting consequences of this analysis are obtained. The ﬁrst one is the reduction of the Nash problem
for surfaces to quasirational normal singularities which are not rational (Corollary 5.11). The second
one is the ﬁrst known counterexample to the k-wedge lifting problem (Deﬁnition 3.3) for surfaces of
positive characteristic, here the singularity x3 + y5 + z2 = 0 in characteristic 2, 3 and 5 (Section 6).
2. On divisorial valuations
2.1. Let k be an algebraically closed ﬁeld. We call a normal surface singularity over k to a pair (S, P0)
where S = Spec R is the spectrum of a Noetherian normal complete two-dimensional equicharacteris-
tic local ring R whose residue ﬁeld is k, and P0 is the closed point of S . A resolution of singularities,
or desingularization of (S, P0) is a proper morphism π : Y → S with Y nonsingular and such that the
induced morphism π : Y \ π−1(P0) → S \ {P0} is an isomorphism. We say that (S, P0) is a rational
surface singularity if R1π∗OY = 0 for some (or equivalently, for every) desingularization π : Y → S .
Given a normal surface singularity (S, P0) and a desingularization π : Y → S , let {Eα}α∈Λ be the
irreducible components of the exceptional locus of π , for short exceptional curves from now on. We
denote by EY the group
⊕
α∈ΛZEα , and we denote by E
+
Y the semigroup of all divisors D ∈ EY
such that D · Eα  0 for all α ∈ Λ. Then, a normal surface singularity (S, P0) is a rational surface
singularity if and only if, for some (or equivalently, for every) desingularization Y of (S, P0), we have
p(D) 0 for any effective D ∈ EY , where p(D) denotes the arithmetic genus of D (see [Ar], Prop. 1).
Moreover, from the negativeness of the intersection matrix (Eα · Eα′ )α,α′∈Λ [Mu], it follows that every
divisor in E+Y is effective. Among all the divisors in E
+
Y , there exists a minimal one, which is called
the fundamental cycle. Then, a normal surface singularity is a rational surface singularity if and only
if for some (or equivalently, for every) desingularization of (S, P0), we have p(Z) = 0 where Z is
the fundamental cycle (see [Ar], Th. 3). From this, it follows that the minimal desingularization of
a rational surface singularity has normal crossings. Moreover, its exceptional curves are nonsingular
rational curves whose associated dual graph is a tree, i.e. it does not contain any cycle (see [Pi], Sec. 5).
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singularity:
(See [Ar], p. 133.) Let D be an effective divisor on Y such that D · Eα = 0 for every exceptional
curve Eα of π . Then, there exists f in the maximal ideal M of R such that divY ( f ) = D .
In fact, this property characterizes rational surface singularities: a normal surface singularity over
an algebraically closed ﬁeld has a rational singularity if and only if its divisor class group is ﬁnite (see
[Li], Th. 17.4). Besides, from Artin’s property it follows that, if Y is a desingularization of a rational
surface singularity, then the semigroup E+Y is isomorphic to the semigroup IY of M-primary complete
ideals I such that IOY is an invertible sheaf, with the usual product of ideals (see [Li], Ths. 7.1, 12.1).
2.2. From now on, (S, P0) will be a rational surface singularity and π : Y → S the minimal desingulariza-
tion of (S, P0). Let {Eα}α∈Λ be the exceptional curves of π , and Γ the dual graph associated to the
conﬁguration of these exceptional curves.
For every α ∈ Λ, let adjΓ (α) be the set of elements α′ ∈ Λ such that the exceptional curve Eα′
intersects Eα , equivalently, if we identify Λ with the set of vertices of Γ , the vertices α and α′
are adjacent. Let 
1, . . . , 
m be the ends of Γ , i.e. the vertices α ∈ Λ such that adjΓ (α) = 1, and
let β1, . . . , βs be the nodes of Γ , i.e. the vertices α ∈ Λ such that adjΓ (α)  3. For each node β j ,
1 j  r, let adjΓ (β j) = {α j,1, . . . ,α j,mj }, thus mj  3.
We deﬁne the extended dual graph Γ of π to be the graph obtained from the dual graph Γ of π ,
by adding vertices i, for 1  i m, and edges joining i with 
i for 1  i m, and we denote by Λ
the set of indices of Γ , i.e. Λ = Λ ∪ {1, . . . ,m}. In general, the letters γ ,γ ′, . . . (resp. α,α′, . . .) will
be used to denote the elements of Λ (resp. Λ). For γ ∈ Λ, let adjΓ (γ ) be the set of vertices γ ′ ∈ Λ
of Γ which are adjacent to γ . Given γ1, γ2 ∈ Λ, let ch(γ1, γ2) be the set of vertices γ ∈ Λ which are
in the chain joining γ1 with γ2 in the graph Γ . Let
S := {β1, . . . , βs} ∪ {1, . . . ,m}
i.e. S is the union of the sets of nodes and ends of the extended dual graph Γ (the letter S comes
from “splice diagram”, see [NW], Sec. 2). Given δ1, δ2 ∈ S , we say that δ2 is adjacent to δ1 in S if
ch(δ1, δ2) \ {δ1, δ2} does not contain any element of S .
For any subset Λ0 of Λ such that
⋃
α∈Λ0 Eα is connected, we denote by EΛ0 the subgroup⊕
α∈Λ0 ZEα of EY . We denote by E
+
Λ0
the semigroup of divisors D ∈ EΛ0 such that D · Eα  0 for
every α ∈ Λ0, and we call the fundamental cycle for Λ0 to the minimal divisor ZΛ0 in E+Λ0 . The reason
for this deﬁnition is Grauert’s contraction theorem [Gr], p. 367. For any α ∈ Λ and α0 ∈ adjΓ (α), we
denote by Λα,α0 the subset of Λ such that {Eα′ }α′∈Λα,α0 are the exceptional curves in the connected
component of
⋃
α′∈Λ\{α} Eα′ that contains Eα0 . Note that α /∈ Λα,α0 , and let Λ∗α,α0 := Λα,α0 ∪ {α}. Let
Γα,α0 (resp. Γ
∗
α,α0
) be the dual graph associated to the conﬁguration of the curves {Eα′ }α′∈Λα,α0 (resp.{Eα′ }α′∈Λ∗α,α0 ). Note that Γα,α0 and Γ ∗α,α0 are subgraphs of Γ , and that the extended dual graph Γ α,α0
of Γα,α0 can be identiﬁed with Γ
∗
α,α0
∪ {i /1 i m, 
i ∈ Λα,α0 }. Thus, we set
Λα,α0 := Λ∗α,α0 ∪ {i /1 i m, 
i ∈ Λα,α0}.
For each node β j , 1  j  s, and each α j,l ∈ adjΓ (β j), 1  l mj , we simplify the previous notation
setting Λ j,l := Λβ j ,α j,l , Λ j,l := Λβ j ,α j,l , Λ∗j,l := Λ∗β j ,α j,l , Γ j,l := Γβ j ,α j,l , Γ j,l := Γ β j ,α j,l , Γ ∗j,l := Γ ∗β j ,α j,l
and Z j,l := ZΛβ j ,α j,l , Z∗j,l := ZΛ∗β j ,α j,l . For each i, 1 i m, we set Λ
i ,i := {
i, i}.
2.3. The negativeness of the intersection pairing of the exceptional curves {Eα}α∈Λ assures the exis-
tence of Q-divisors α in EY ⊗Q, for each α ∈ Λ, uniquely determined by
α · Eα′ = −δα,α′ ∀α′ ∈ Λ.
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every α ∈ Λ, the following equality holds in Cl R
Eα =
(−E2α)α − ∑
α′∈adjΓ (α)
α′ . (1)
The Q-divisors {α}α∈Λ determine generators of the group E∗Y := Hom(EY ,Z), and we have natural
inclusions EY ⊂ E∗Y ⊂ EY ⊗ Q. We deﬁne the discriminant group to be DY := E∗Y /EY . From (1) it
follows that DY is generated by the classes of 
1 , . . . ,
m , and its order is det(−Eα · Eα′ )α,α′∈Λ (see
[NW], Prop. 5.1).
We have ﬁxed an order {
1, . . . , 
m} in the ends of Γ . This allows to deﬁne the characteristic vectors
{ωγ }γ∈Λ of π as follows
ωα := (−α · 
1 , . . . ,−α · 
m ) ∈Qm0 for α ∈ Λ,
ωi := (−Ei · 
1 , . . . ,−Ei · 
m ) = (0, . . . ,0,1,0, . . . ,0) ∈Nm for 1 i m,
where the 1 in the last vector is in the i-th position.
Remark 2.4. Note that (1) implies that, for every α ∈ Λ we have
E2αωα +
∑
γ∈adjΓ (α)
ωγ = 0 (2)
(recall that i ∈ adjΓ (
i)). From this it follows that the data consisting on the dual graph Γ and the
characteristic vectors {ωγ }γ∈Λ has the same information as the intersection pairing.
2.5. For 1  i m, let Ci be a nonsingular irreducible curve in Y intersecting transversally the end
exceptional curve E
i in a point not belonging to any other exceptional curve. The existence of Ci
follows from the fact that R = OS,P0 is a henselian ring. Let di = d
i , so that di
i ∈ E+Y . Then, by
Artin’s property (see 2.1), there exists xi ∈ M such that
divY (xi) = diCi + di
i . (3)
Let zi be a di-root of xi in an algebraic closure of the quotient ﬁeld K (R) of R , and let us consider the
ring R[z1, . . . , zm]. Then, any valuation of the quotient ﬁeld K (R) of R can be extended to a valuation
of the quotient ﬁeld of R[z1, . . . , zm] (see [ZS], Ch. VI, Th. 11).
By an order function ν on R we mean a function ν : R → Z0 ∪ {+∞} such that ν(λ) = 0 for
λ ∈ k \ {0}, ν(0) = +∞, ν(xy) = ν(x) + ν(y) and ν(x + y)  min{ν(x), ν(y)} for x, y ∈ R . An order
function ν on R deﬁnes a valuation on R/℘ν where ℘ν := {x ∈ R /ν(x) = +∞} is a prime ideal of R .
We call the center of ν on Y to the center of this valuation on the strict transform of Spec R/℘ν in Y ,
considered as a point on the scheme Y . Any order function ν on R can also be extended to a function
ν∗ : R[z1, . . . , zm] → 1NZ0 ∪ {+∞} for some N ∈N, where Nν∗ is an order function on R[z1, . . . , zm]
(see [Ma], corollary to Th. 11.7, or Ex. 11.2). Besides, for any choice of an extension of ν , since zi is a
di-root of xi ∈ R , the values of zi , 1 i m, are univocally determined by
ν(zi) := 1
di
ν(xi).
For each α ∈ Λ, let να be the divisorial valuation of K (R) determined by Eα . For 1 i m, let νi be
discrete valuation of K (R) deﬁned by the order at the generic point of the image by π of Ci . Then,
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expressed as follows:
ωγ =
(
νγ (z1), . . . , νγ (zm)
)
for γ ∈ Λ.
For any order function ν on R , we deﬁne the characteristic vector of ν with respect to C1, . . . ,Cm to be
ων :=
(
ν(z1), . . . , ν(zm)
) ∈ (Q0 ∪ {+∞})m.
Given h ∈ R , we denote
divE(h) :=
∑
α∈Λ
να(h)Eα ∈ EY
and for any monomial zn = zn11 . . . znmm , where ni ∈N∪ {0}, let
Q-divE
(
zn
) := ∑
α∈Λ
να
(
zn
)
Eα =
∑
α∈Λ
m∑
i=1
ni
di
να(xi) Eα ∈ EY ⊗Q.
From Artin’s property, and since R is henselian, it follows that the map E+Y → IY given by D → ID :=
Γ (Y ,OY (−D)) is an isomorphism of semigroups. Therefore, given D ∈ E+Y , the coeﬃcient in Eα of D
is equal to να(ID) for any α ∈ Λ. This suggest to introduce the following notation:
να() := −α ·  = coeﬃcient in Eα of  for any  ∈ E+Y ⊗Q, α ∈ Λ.
For the valuation νi , we always have νi(ID) = 0. On the other hand, the nonnegative integer −E
i · D
is equal to the intersection number with E
i of the strict transform on Y of the curve deﬁned by
a general element of ID , and we can always ﬁnd h ∈ ID such that divE(h) = D and that divY (h) −
divE(h)
∑
i(−E
i · D)Ci (i.e. the difference is an effective divisor). We denote
νi() := −E
i ·  for any  ∈ E+Y ⊗Q, 1 i m.
Note that
να(α′) = να′(α) = −α · α′ for any α,α′ ∈ Λ,
νi(α) = να(E
i ) = −E
i · α for α ∈ Λ, 1 i m. (4)
2.6. For any α ∈ Λ and α0 ∈ adjΓ (α), we have:
να0(ZΛα,α0 ) = 1. (5)
This follows from [La], Th. 4.2 (see also [Ok], Lemma 3.5). From this we conclude that there exists a
divisor Dα,α0 ∈ EY such that
(a) Supp Dα,α0 ⊂
⋃
α′∈Λα,α0 Eα′ , i.e. Dα,α0 ∈ EΛα,α0 ⊂ EY .
(b) να0 (Dα,α0 ) = 1.
(c) Dα,α0 · Eα′ = 0 for α′ ∈ Λα,α0 \ {
1, . . . , 
m}, and nα,α0,i := −Dα,α0 · E
i ∈N∪ {0} for 
i ∈ Λα,α0 .
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gα,α0 :=
∏

i∈Λα,α0
z
nα,α0,i
i . (6)
Then, we have
Q-divE(gα,α0) = α + Dα,α0 . (7)
For each node β j , 1  j  s, and for 1  l mj , we denote D j,l := Dβ j ,α j,l and g j,l :=
∏

i∈Λ j,l z
n j,l,i
i
where n j,l,i := nβ j ,α j,l,i , so that Q-divE(g j,l) = β j + D j,l .
Analogously, for every r = {rα0 }α0∈adjΓ (α) ⊂ N ∪ {0} such that
∑
α0
rα0 = dα , we have that dαα +∑
α0
rα0Dα,α0 is in E
+
Y , hence, by Artin’s property in 1.2, there exists fα,r ∈ R such that
divY ( fα,r) = dαα +
∑
α0∈adjΓ (α)
rα0Dα,α0 +
m∑
i=1
nα,r,iCi (8)
where nα,r,i := −(dαα +∑α0 rα0Dα,α0) · E
i . This implies that, for every order function ν on R , we
have
ν( fα,r) =
∑
α0∈adjΓ (α)
rα0ν(gα,α0). (9)
In fact, if d ∈N is such that (∏α0 grα0α,α0)d is in R then, since divY ( f dα,r) = divY ((∏α0 grα0α,α0)d), we have
that f dα,r/(
∏
α0
g
rα0
α,α0)
d is a unit in R .
The equality (7) implies that, for any α ∈ Λ and α0 ∈ adjΓ (α),
να(α) belongs to the semigroup generated by
{
να(
i ) / 
i ∈ Λα,α0
}
. (10)
From the existence of the divisors Dα,α0 we also obtain the following property:
Lemma 2.7. The following holds:
(i) Let α ∈ Λ,α0 ∈ adjΓ (α). Let ,′ ∈ EY ⊗Q be nonzero Q-divisors such that  · Eγ = ′ · Eγ = 0 for
every γ ∈ Λα,α0 and  · Eγ  0, ′ · Eγ  0 for γ ∈ Λ. Then there exists λ ∈ Q>0 such that  − λ′
has support outside Λ∗α,α0 .
(ii) (See [Re1], (10) in proof of Prop. 2.1.) Let α,α′ ∈ Λ, α = α′ . Then
να(α)να′(α′) >
(
να(α′)
)2
.
Moreover, if α′ ∈ adjΓ (α), then
να(α)να′(α′) = να(α′)
(
να(α′) + 1
)
.
132 A.J. Reguera / Journal of Algebra 366 (2012) 126–164Proof. For (i), let ∗ (resp. (′)∗) be the restriction of  (resp. (′)) to EΛ∗α,α0 . Then 
∗ · Eγ =
 · Eγ = 0 for γ ∈ Λα,α0 and
∗ · Eα =  · Eα −
∑
γ∈adjΓ (α)\{α0}
νγ () < 0
(note that νγ () > 0 for every γ ∈ Λ because there exists r ∈ N such that r ∈ E+Y , and  = 0, and
also that, if adjΓ (α) \ {α0} = ∅ then Λ = Λ∗α,α0 , hence  · Eγ = 0 for γ ∈ Λα,α0 implies  · Eα < 0).
Analogous assertions hold for (′)∗ . Therefore λ := ∗·Eα
(′)∗·Eα ∈ Q>0, and (∗ − λ(′)∗) · Eγ = 0 for
every γ ∈ Λ∗α,α0 . This implies that ∗ − λ(′)∗ = 0, thus (i) holds.
Let us prove (ii). If α′ ∈ adjΓ (α), let us consider the divisor Dα,α′ . Since the Q-divisors α + Dα,α′
and α′ have zero intersection with Eγ for every γ ∈ Λα′,α , and α,α′ ∈ Λ∗α′,α , from (i) it follows that
να(α′)
να′(α′)
= να(α + Dα,α′)
να′(α + Dα,α′) =
να(α)
να′(α) + 1
hence, in this case, the lemma follows from (4). Now, for any α,α′ ∈ Λ, α = α′ , let us prove the
inequality in (ii) by induction on the number n of elements of ch(α,α′). If n = 2 the result is proved.
Suppose that n > 2 and the result holds for n−1. Let α0 be the unique element in ch(α,α′)∩adjΓ (α),
then
να(α)να0(α0) >
(
να(α0)
)2
, να′(α′)να0(α0) >
(
να′(α0)
)2
.
Let α1 be the unique element in ch(α0,α′) ∩ adjΓ (α0) (note that α1 = α′ if n = 3). Since the Q-
divisors α0 and α′ (resp. α0 and α ) have zero intersection with Eγ for every γ ∈ Λα0,α (resp.
γ ∈ Λα0,α1 ), from (i) it follows that
να(α0)
να0(α0)
= να(α′)
να0(α′)
,
να′(α0)
να0(α0)
= να′(α)
να0(α)
.
Applying also (4), we conclude
να(α)να′(α′) >
να(α0)
να0(α0)
να(α0)
να′(α0)
να0(α0)
να′(α0) =
(
να(α′)
)2
. 
Remark 2.8. A sandwiched surface singularity is the formal neighborhood of a singular point on
a surface obtained by blowing up a complete ideal I0 in the local ring R0 of a closed point on
a nonsingular algebraic surface over k. Any sandwiched surface singularity is the birational join of
primitive sandwiched singularities, i.e. those for which I0 is a simple complete ideal (see [Sp2]). The
notions introduced in this section generalize to any rational surface singularity the combinatorial
data associated to a primitive sandwiched singularity in [LR1]. For instance, (10) and Lemma 2.7(ii)
are generalizations of the well-known conditions for the integers {β0, . . . , β g+1} (see [LR1], 0.3.2).
Lemma 2.9 below will be applied to prove Theorem 2.10, which is an extension to rational surface
singularities of Prop. 2.2 in [LR1].
Lemma 2.9. Let α,α′ ∈ Λ, α = α′ . Let α0 be the unique element in adjΓ (α)∩ ch(α,α′), and let 
i be an end
of Λ, 1 i m. Then we have
να′(zi)
να(zi)
 να
′(α)
να(α)
where equality holds if and only if 
i /∈ Λα,α0 .
A.J. Reguera / Journal of Algebra 366 (2012) 126–164 133Proof. If 
i /∈ Λα,α0 , then the Q-divisors 
i and α have zero intersection with Eγ , for every γ ∈
Λα,α0 . Since α
′ ∈ Λα,α0 , from Lemma 2.7(i) we conclude the desired equality. Now, let 
i ∈ Λα,α0 and
let α1 be the unique element in ch(α,α′) ∩ ch(α, 
i) ∩ ch(α′, 
i). Note that α1 = α′ iff α′ belongs to
ch(α, 
i). By the same arguments as before, we have
να(zi)
να1(zi)
= να(α1)
να1(α1)
,
να′(zi)
να1(zi)
= να′(α1)
να1(α1)
,
να′(α1)
να1(α1)
= να′(α)
να1(α)
.
Hence, applying Lemma 2.7(ii) we conclude
να′(zi)
να(zi)
= να′(α1)
να(α1)
= να1(α1)
να(α1)
να′(α)
να1(α)
>
να′(α)
να(α)
. 
For α ∈ Λ, let E0α be the open subset of Eα consisting of the (scheme theoretic) points of Eα
which are neither in Eα′ for α′ ∈ adjΓ (α), nor in ⋃mi=1 Ci . In order to unify the notation, for 1 i m,
set E0i := Ci \ (Ci ∩ E
i ). Given α,α′ ∈ Λ, α′ ∈ adjΓ (α), let Eα,α′ := Eα ∩ Eα′ and, for 1  i m, set
Ei,
i := Ci ∩ E
i =: E
i ,i . Then, the following holds.
Theorem 2.10. Let ν be an order function on R and let ων be the characteristic vector of ν with respect to
C1, . . . ,Cm (see 2.5). Suppose that ων ∈ (Q0)m \ {0}. Then, one of the following holds:
(i) There exists γ1 ∈ Λ such that the center of ν on Y is contained in E0γ1 . Then, there exists a unique positive
integer nγ1 such that
ων = nγ1ωγ1 .
(ii) There exist γ1, γ2 ∈ Λ, γ2 ∈ adjΓ (γ1), such that the center of ν on Y is the unique point in Eγ1,γ2 . Then,
there exist unique positive integers nγ1 and nγ2 such that
ων = nγ1ωγ1 + nγ2ωγ2 .
Conversely, if we have ων = nγ1ωγ1 where γ1 ∈ Λ and nγ1 ∈N (resp. ων = nγ1ωγ1 + nγ2ωγ2 where γ1, γ2 ∈
Λ, γ2 ∈ adjΓ (γ1) and nγ1 ,nγ2 ∈N), then the center of ν on Y is contained in E0γ1 (resp. in Eγ1,γ2 ).
Proof. Let us ﬁrst prove the existence assertion in the ﬁrst statement, that is: Given ν as in the
theorem, either the center of ν on Y is contained in E0γ1 for some γ1 ∈ Λ and then there exists an
expression of ων as in (i), or it is contained in Eγ1,γ2 for some γ1, γ2 ∈ Λ, γ2 ∈ adjΓ (γ1), and then
there exists an expression of ων as in (ii).
Suppose ﬁrst that ν is a discrete valuation centered on the closed point P0 of S . Then ν is a
divisorial valuation, since R =OS,P0 is a complete ring (see [Za], I, Sec. 5, see also [Sp1], Sec. 9). Thus,
there exists a desingularization π ′ : Y ′ → S such that the center of ν on Y ′ is the generic point of an
exceptional curve for π ′ . Then Y ′ dominates the minimal desingularization Y . The morphism Y ′ → Y
is a sequence of point blowing ups, let it be Y ′ = Yn → Yn−1 → ·· · → Y0 = Y . We may take Y ′ with
the previous properties and such that the number n of point blowing ups is minimal. We will argue
by induction on n.
If n = 0, i.e. Y ′ = Y , then there exists α1 ∈ Λ such that the center of ν on Y is the generic point
of the exceptional curve Eα1 , thus contained in E
0
α1
. Therefore there exists nν ∈ N such that ν(h) =
nννα1(h) for every h ∈ R , thus ων = nνωα1 . If n = 1, then the center of ν on Y is a closed point Q ,
and Y ′ is the blowing up of Y with center Q . Either there exists α1 ∈ Λ such that Q ∈ E0α1 , or there
exist α1 ∈ Λ,γ2 ∈ Λ, γ2 ∈ adjΓ (α1), such that Q ∈ Eα1,γ2 . In the ﬁrst case we have ων = nνωα1 and
in the second case ων = nν(ωα1 + ωγ2 ), for some nν ∈ N, thus the result holds. Now, suppose that
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By the previous argument, one of the following conditions holds:
(a) ων = n′ωνE′ , where n′ ∈ N and νE ′ is the divisorial valuation deﬁned by an exceptional curve E ′
on Yn−1 whose image on Y is Q .
(b) ων = n′(ωνE′1 + ωνE′2 ), where n
′ ∈ N and νE ′1 , νE ′2 are the divisorial valuations deﬁned by excep-
tional curves E ′1, E ′2 on Yn−1 whose intersection point is Qn−1.
(c) ων = n′(ωνE′ + ωi), where n′ ∈ N, E ′ is the exceptional curve on Yn−1 that intersects the strict
transform of Ci , and Qn−1 is the intersection point.
Applying the inductive hypothesis either to νE ′ or to νE ′1 and νE ′2 , it follows that the existence result
holds for ν . This concludes the proof for divisorial valuations.
Now, suppose that ν is a discrete valuation not centered at P0. Since ων = 0, ν is not trivial, hence
the center of ν on S is the generic point of an irreducible curve C . Moreover, ων = 0 implies that
there exists i, 1 i m, such that the strict transform of C in Y is Ci . Then the center of ν on Y is
the generic point of Ci , which is contained in E0i , and ων = ni ωi where ni ∈N. Thus, the result holds
in this case.
Finally, suppose that ν is an order function which is not a valuation. Then ℘ν = {x ∈ R /ν(x) =
+∞} is a prime ideal different from (0). Since ων ∈ (Q0)m , we have xi /∈ ℘ν for 1  i  m. This
implies that ℘ν is the ideal of deﬁnition of an irreducible curve Cν on (S, P0) whose strict transform
on Y is none of the curves Ci , 1 i m. Let C be the image in (S, P0) of
⋃m
i=1 Ci , and let π ′ : Y ′ → S
be an embedded resolution of Cν ∪ C in S , hence Y ′ dominates Y . Thus, there exists an exceptional
curve E ′ for π ′ such that the strict transform C′ν of Cν in Y ′ is transversal to E ′ in a regular point of
(π ′−1(P0))red not belonging to the strict transform of C . Since ων = 0, the center of ν on Y ′ is the
intersection point C′ν ∩ E ′ and we have ων = n′ωνE′ where n′ ∈ N and νE ′ is the divisorial valuation
deﬁned by E ′ . Besides, either the image of E ′ in Y is an exceptional curve Eα for π and the center of
ν in Y is contained in E0α , or the centers of ν and νE ′ in Y coincide. Since the result holds for νE ′ , we
conclude that the existence result also holds for ν . This concludes the proof for any order function as
in the proposition.
For the uniqueness of nγ1 in (i) and nγ1 ,nγ2 in (ii), as well as for the last assertion in the the-
orem, we have to prove that, if we have nγ1ωγ1 + nγ2ωγ2 = n′γ ′1ωγ ′1 + n
′
γ ′2
ωγ ′2 , where γ2 ∈ adjΓ (γ1),
γ ′2 ∈ adjΓ (γ ′1) and nγ1 ,nγ2 ,n′γ ′1 ,n
′
γ ′2
are nonnegative integers, then the set A := {γr / r = 1,2, nγr > 0}
is equal to A′ := {γ ′r / r = 1,2, n′γ ′r > 0} and for every γ belonging to this set, we have nγ = n
′
γ .
In fact, from (2) in remark 2.4, it follows that for any δ1, δ2 ∈ S , δ1 and δ2 adjacent in S , the
cones {〈ωγ1 ,ωγ2 〉/γ1, γ2 ∈ ch(δ1, δ2), γ2 ∈ adjΓ (γ1)} and their faces, form a fan which subdivides〈ωδ1 ,ωδ2 〉, and that it suﬃces to show that there exist δ1, δ2 ∈ S , δ1 and δ2 adjacent in S , such
that both A and A′ are contained in ch(δ1, δ2). Here we have applied the usual terminology in Toric
Geometry [T.E.].
If there are no nodes in Γ , then S = {1,2} consists of the unique two ends of Γ and it is clear
that A ∪ A′ ⊆ ch(1,2). So, suppose that there are nodes in Γ . The vector ω := nγ1ωγ1 + nγ2ωγ2 =
n′
γ ′1
ωγ ′1 + n′γ ′2ωγ ′2 belongs to (Q0)
m , let ω = (q1, . . . ,qm) where qi ∈ Q0. Given a node β j , since
A ⊆ {γ1, γ2} where γ2 ∈ adjΓ (γ1), we have that either A = {β j} or there exists a unique l j , 1 l j mj ,
such that A ⊆ Λ j,l j . If A = {β j} then ω is a Q-multiple of ωβ j , hence
qi
νβ j (zi)
= min
{
qi′
νβ j (zi′)
/
1 i′ m
}
for 1 i m. (11)
If A = {β j} and A ⊆ Λ j,l j then, from Lemma 2.9 it follows that, for 1 r  2 and 1 i m,
νγr (zi)
νβ (zi)

νγr (β j )
νβ (β )j j j
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we conclude that, for 1 i m,
qi
νβ j (zi)
= nγ1νγ1(zi) + nγ2νγ2(zi)
νβ j (zi)

nγ1νγ1(β j ) + nγ2νγ2(β j )
νβ j (β j )
where equality holds if and only if i /∈ Λ j,l j . Therefore,
min
{
qi′
νβ j (zi′)
/
1 i′ m
}
= nγ1νγ1(β j ) + nγ2νγ2(β j )
νβ j (β j )
and we have
qi
νβ j (zi)
=min
{
qi′
νβ j (zi′)
/
1 i′ m
}
for i /∈ Λ j,l j ,
qi
νβ j (zi)
>min
{
qi′
νβ j (zi′)
/
1 i′ m
}
for i ∈ Λ j,l j . (12)
Analogously, we have that either A′ = {β j} and hence (11) holds, or there exists a unique l′j , 1 l′j 
mj such that A′ = {β j}, A′ ⊆ Λ j,l′j and then
qi
νβ j (zi)
= min
{
qi′
νβ j (zi′)
/
1 i′ m
}
for i /∈ Λ j,l′j ,
qi
νβ j (zi)
>min
{
qi′
νβ j (zi′)
/
1 i′ m
}
for i ∈ Λ j,l′j . (13)
Note that (11) implies that neither (12) nor (13) hold. Therefore A = {β j} if and only if A′ = {β j}.
Note also that, if (12) and (13) hold, then l j = l′j . Thus A = {β j} and A ⊆ Λ j,l j if and only if A′ = {β j}
and A′ ⊆ Λ j,l j .
We conclude that, either there exists a node β j such that A = A′ = {β j}, or for each node β j there
exists l j , 1  l j mj , such that A ∪ A′ ⊆ Λ j,l j . In the ﬁrst case the result holds since β j ∈ S . In the
second case, we have A ∪ A′ ⊆⋂ j Λ j,l j . Now note that the subgraph Γ 0 of Γ determined by ⋂ j Λ j,l j
is a connected nonempty subgraph of Γ and that every node of Γ in Γ 0 is in an end position in Γ 0.
This implies that there exist δ1, δ2 ∈ S , δ1 and δ2 adjacent in S , such that ⋂ j Λ j,l j = ch(δ1, δ2), hence
we conclude the result. 
Deﬁnition 2.11. Given an order function ν on R as in Theorem 2.10, we call geometric decomposition
of ων to the expression ων = nγ1ωγ1 (resp. ων = nγ1ωγ1 + nγ2ωγ2 ) if (i) (resp. (ii)) holds.
In this article we will be interested in expressions as in the following deﬁnition, which are of a
different kind to the ones in Theorem 2.10.
Deﬁnition 2.12. Let ν be an order function on R whose characteristic vector ων is in (Q0)m \ {0},
and let Λν be the set of indices γ ∈ Λ (or γ ∈ {1, . . . ,m}) such that the center of ν on Y belongs
to Eγ (resp. Cγ ). A nongeometric decomposition of ων is an expression ων =∑γ∈Λmγ ωγ where
mγ ∈ Z0 for every γ ∈ Λ and there exists γ0 ∈ Λ \ Λν such that mγ0 > 0.
Note that, given α ∈ Λ, a nongeometric decomposition of the characteristic vector ωα is an ex-
pression ωα =∑γ∈Λ\{α}mγ ωγ where mγ ∈ Z0 for γ ∈ Λ \ {α}.
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there exists a nongeometric decomposition ων =∑γ mγ ωγ of ων , and let Λ0 := {γ ∈ Λ/mγ > 0}. Then,
Λ0 ∩ ch(γν, i) = ∅ for every γν ∈ Λν, i ∈ {1 . . . ,m}. (14)
Moreover, if Λν = {α} where α ∈ Λ, then
Λ0 ∩ ch(α, i) \ {α} = ∅ for every i ∈ {1 . . . ,m}. (15)
Proof. Let us ﬁrst show that the second assertion follows from the ﬁrst one. Suppose that Λν = {α}.
Then there exists a positive integer nα such that ων = nαωα , hence from the nongeometric decom-
position of ων it follows that
(nα −mα)ωα =
∑
γ∈Λ\{α}
mγ ωγ , (16)
where nα > mα  0. Let ν ′ : R → Z0 ∪ {+∞} be given by ν ′(h) = (nα − mα)να(h) for h ∈ R . Then
ν ′ is an order function whose characteristic vector is ων ′ = (nα −mα)ωα and (16) is a nongeometric
decomposition of ων ′ . Applying the ﬁrst statement of the lemma to this decomposition we obtain
(Λ0 \ {α}) ∩ ch(α, i) = ∅ for every i ∈ {1 . . . ,m}, i.e. (15) holds.
Now, we will reduce the proof of the ﬁrst assertion to the case in which mγ = 0 for γ ∈ Λν : We
have
ων −
∑
γ∈Λν
mγ ωγ =
∑
γ∈Λ\Λν
mγ ωγ = 0. (17)
There exists an order function ν ′ on R whose characteristic vector is the vector in the left-hand
side. In fact, let ων = nγ1ωγ1 + nγ2ωγ2 be the geometric decomposition of ων , where nγ1 > 0
and nγ2  0, hence either Λν = {γ1} or Λν = {γ1, γ2}, being γ2 ∈ adjΓ (γ1) (Theorem 2.10). Then,
ων −∑γ∈Λν mγ ωγ , which is = 0, is equal to n′γ1ωγ1 + n′γ2ωγ2 for some n′γ1 ,n′γ2 ∈ Z0, n′γ1  nγ1 ,
n′γ2  nγ2 . If n
′
γ2
= 0, the existence of such an order function ν ′ follows as in the ﬁrst paragraph
in this proof. Otherwise, let u, v be local coordinates of Eγ1 , Eγ2 (resp. Ci, E
i if {γ1, γ2} = {i, 
i}) at
its intersection point O . Then ν ′ can be taken to be the restriction to R of the order function on
OY ,O ⊂ ÔY ,O = k[[u, v]] deﬁned by ν ′(∑r1,r2∈Z0 λr1,r2ur1 vr2 ) := min{r1n′γ1 + r2n′γ2 /λr1,r2 = 0} for∑
r1,r2
λr1,r2u
r1 vr2 = 0. Then, we have Λν ′ ⊆ Λν , and Λν ′ = Λν implies Λν = {γ1, γ2}, and (17) is a
nongeometric decomposition ων ′ =∑γ∈Λm′γ ωγ of ων ′ which satisﬁes m′γ = 0 for γ ∈ Λν , in partic-
ular for γ ∈ Λν ′ . If we assume that we have proved the lemma for this decomposition, that is
(Λ0 \ Λν) ∩ ch(γν ′ , i) = ∅ for every γν ′ ∈ Λν ′ , i ∈ {1, . . . ,m}
then (14) holds. In fact, if Λν ′ = Λν , (14) is clear. If Λν ′ = Λν , then it follows from the equalities
(Λ0 \ {γ1, γ2}) ∩ ch(γ1, i) = (Λ0 \ {γ1, γ2}) ∩ ch(γ2, i) for every i ∈ {1, . . . ,m}.
Therefore, in order to prove the lemma we may suppose that mγ = 0 for γ ∈ Λν in the nongeo-
metric decomposition ων =∑γ mγ ωγ . Let ων =∑γ∈Λν nγ ωγ be the geometric decomposition of ων ,
where either Λν = {γ1} or Λν = {γ1, γ2}. For any Q-divisor , let us denote ν() :=∑γ∈Λν nγ νγ ().
Suppose that the lemma does not hold. Then, after a possible replacement of γ1 by γ2, we may as-
sume that there exists i1 ∈ {1, . . . ,m} such that Λ0 ∩ ch(γ1, i1) = ∅. The projection of an element
γ ∈ Λ in ch(γ1, i1) is the unique element γ0 in ch(γ1, i1) which satisﬁes ch(γ ,γ0)∩ ch(γ1, i1) = {γ0}.
Let α0 (resp. α) be the element in ch(γ1, i1) which is the projection in ch(γ1, i1) of some element of
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Λν = {γ1, γ2}, α0 = γ1 and γ2 ∈ ch(γ1, i1). Let us suppose that α ∈ Λ. Then we have
νγ (α0)
ν(α0)

νγ (α)
ν(α)
for every γ ∈ Λ0. (18)
In fact, if α = α0 it is clear. If α = α0, hence Λν = {γ1, γ2}, α0 = γ1 and α = γ2 ∈ ch(γ1, i1), for
γ ∈ {1, . . . ,m}, νγ (α) = 0, hence (18). For γ ∈ Λ0 ∩ Λ, from Lemma 2.9 applied to (α0, γ ) and
(α0,α) respectively, it follows that
νγ (zi1)
να0(zi1)
= νγ (α0)
να0(α0)
and
να(zi1)
να0(zi1)
 να(α0)
να0(α0)
, hence
να(zi1)
νγ (zi1)
 να(α0)
νγ (α0)
.
Since γ1 = α0, γ2 = α, thus ν(α0 ) := nα0να0 (α0) + nανα(α0), we conclude:
ν(α0)
νγ (α0)
 ν(zi1)
νγ (zi1)
.
Analogously, applying Lemma 2.9 to (α,α0) and (α,γ ), we obtain:
ν(α)
νγ (α)
= nα0
να0(α)
νγ (α)
+ nα να(α)
νγ (α)
= nα0
να0(zi1)
νγ (zi1)
+ nα να(zi1)
νγ (zi1)
= ν(zi1)
νγ (zi1)
.
From this (18) follows. Besides, from the decomposition of ων and the last equality, we conclude
1 =
∑
γ∈Λ0
mγ
νγ (zi1)
ν(zi1)
=
∑
γ∈Λ0
mγ
νγ (α)
ν(α)
.
On the other hand, there exists γ0 ∈ Λ0 (hence γ0 = α0) such that ch(α0, γ0) ∩ ch(α0, γ1) = {α0}.
Let i0, 1 i0 m, be such that γ0 ∈ ch(α0, i0). By Lemma 2.9 again, for every γ ∈ Λ0,
νγ (zi0)
να0(zi0)

νγ (α0)
να0(α0)
,
νγr (zi0)
να0(zi0)
= νγr (α0)
να0(α0)
for γr ∈ Λν, hence νγ (zi0)
ν(zi0)

νγ (α0)
ν(α0)
where the last inequality is strict if γ = γ0. Therefore
1 =
∑
γ∈Λ0
mγ
νγ (zi0)
ν(zi0)
>
∑
γ∈Λ0
mγ
νγ (α0)
ν(α0)

∑
γ∈Λ0
mγ
νγ (α)
ν(α)
= 1
which is a contradiction. Finally, if α = i1, the same argument can be applied replacing α by 
i1 .
This concludes the proof. 
Corollary 2.14. Let α ∈ Λ, and suppose that there exists an end 
i of Γ , 1 i m, such that
να(
i ) < νγ (
i ) for every γ ∈ ch(α, i) \ {α}.
Then there does not exist a nongeometric decomposition of ωα .
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i m, looking at the i-th component, we obtain that να(
i ) = να(zi) νγ (zi) = νγ (
i ) whenever
mγ > 0, i.e. for γ ∈ Λ0. Thus, the hypothesis in the corollary asserts that there exists i, 1  i m,
such that Λ0 ∩ ch(α, i) \ {α} = ∅. This contradicts Lemma 2.13. 
Remark 2.15. If (S, P0) is a sandwiched surface singularity (see remark 2.8) and π : Y → S its minimal
desingularization, then, for every α ∈ Λ there exists an end 
i of Λ, 1 i m, such that να(
i ) <
νγ (
i ) for every γ ∈ ch(α, i) \ {α}. In fact, this can be proved applying Noether’s formula (see [Ca],
Th. 3.3.1) in the sequence of point blowing ups π∗ : Y →X0.
2.16. For α ∈ Λ, let
grνα R :=
⊕
n∈Φ+α
pα,n/p
+
α,n
where Φ+α := να(R \ {0}) is the semigroup of να , and, for n ∈ Φ+α , pα,n := {h ∈ R /να(h) n}, p+α,n :={h ∈ R /να(h) > n}. See [Cu] (also [CPR2]) for a study of the Noetherianity of these graded algebras for
rational surface singularities. The complete ideals pα,n belong to IY , i.e. pα,nOY is an invertible sheaf,
thus there exists a divisor Dα,n in E
+
Y such that pα,nOY =OY (−Dα,n) (see 2.1). Besides, the divisor
dαα deﬁnes a να-ideal, i.e. OY (−dαα) = pα,nαOY where nα := dανα(α).
Proposition 2.17. Given α ∈ Λ, let nα as before, so that pα,nαOY =OY (−dαα). Then, for every f + ∈ p+α,nα
and every order function ν on R whose characteristic vector ων with respect to C1, . . . ,Cm is in (Q0)m, we
have
ν
(
f +
)
 ν(pα,nα )
and this inequality is strict if the right-hand side term is strictly positive.
Proof. Let ν be an order function such that ων ∈ (Q0)m . If ων = 0 then, since the elements fα,r
in (8) are in pα,nα , from (9) it follows that ν(pα,nα ) = 0, hence the result. So, we may suppose that
ων ∈ (Q0)m \ {0}. We then follow the proof of Theorem 2.10. One of the following holds:
(a) ν is a divisorial valuation. Then we have proved, in the proof of Theorem 2.10, that there ex-
ist γ1 ∈ Λ, γ2 ∈ adjΓ (γ1), and nγ1 ∈ N,nγ2 ∈ Z0 (it may be nγ2 = 0 here) such that ν(h) 
nγ1νγ1 (h) + nγ2νγ2 (h) for h ∈ R and equality holds if and only if the strict transform on Y of
the curve h = 0 does not contain the center of ν on Y . Therefore, from Artin’s property in [Ar],
p. 133 (see 2.1) it follows that να′ (pα,nα ) = να′ (dαα) for α′ ∈ Λ, νi(pα,nα ) = 0 for 1 i m, and
ν(pα,nα ) = nγ1νγ1 (pα,nα ) + nγ2νγ2 (pα,nα ). Hence, it suﬃces to prove the result for the valuations{να′ }α′∈Λ . That is, it suﬃces to show that, for every α′ ∈ Λ, we have να′ (D − dαα) > 0, where
D := divE( f +). Since D ∈ E+Y and να(D − dαα) > 0, we have that, for every α0 ∈ adjΓ (α), the
restriction of the divisor D − dαα to EΛα,α0 belongs to E+Λα,α0 , and hence να′ (D − dαα) > 0
for every α′ ∈ Λα,α0 . This concludes the result in case (a).
(b) ν is a discrete valuation not centered at P0. Then there exists i, 1 i m, and ni ∈ N such that
ν(h) = niνi(h) for h ∈ R . Since νi(pα,nα ) = 0 we conclude the result.
(c) ν is an order function which is not a valuation. With the notation in the proof of Theorem 2.10 we
have ν(h) n′νE ′ (h) for h ∈ R and equality holds if and only if the strict transform on Y ′ of the
curve h = 0 does not contain the intersection point of C′ν ∩ E ′ . Therefore ν(pα,nα ) = n′νE ′ (pα,nα )
(see 2.1) and, since the result holds for νE ′ , we obtain it for ν . This concludes the proof. 
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0 →OY (−Dα,n − Eα) →OY (−Dα,n) →OEα ⊗OY (−Dα,n) → 0
induces an injective morphism ηα,n ,
pα,n/p
+
α,n
ηα,n−→ Γ (Y ,OEα (dα,n))∼= k[Y0, Y1]dα,n . (19)
Applying the existence of divisors Dα,α0 as in 2.6 and Artin’s property in 2.1, we conclude that ηα,n
is an isomorphism. The last isomorphism in (19) is due to the fact that Eα is isomorphic to P1k .
If the base ﬁeld is C (or chark = 0), let us explain T. Okuma’s procedure to obtain relations be-
tween monomials in the zi ’s from the graded algebras grνα R associated to the divisorial valuations
να , these relations describe the universal Abelian cover of (S, P0) [Ok]. If chark = 0, there is an action
of the discriminant group DY in the polynomial ring k[Z1, . . . , Zm] in m variables deﬁned by
DY × k[Z1, . . . , Zm] → k[Z1, . . . , Zm],
(, Zi′) → e−2π i·
i′ Zi′ . (20)
Note that a monomial Zn = Zn11 · · · Znmm ∈ k[Z1, . . . , Zm] is invariant if and only if n1
1 + · · · +nm
m
is a divisor, i.e. it belongs to EY . Let V := Spec R[z1, . . . , zm] (see 2.5) and let us consider the mor-
phism of k-algebras
ψ : k[[Z1, . . . , Zm]] → R[z1, . . . , zm] (21)
given by ψ(Zi) = zi . From the isomorphisms in (19) and the action (20) it follows that the morphism
ψ is surjective ([Ok], Prop. 5.8). More precisely, for every f ∈ R we have f =∑n λn zn11 . . . znmm in
R[z1, . . . zm] = R[[z1, . . . , zm]], where λn ∈ k and n = (n1, . . . ,nm) runs over all the m-uples in (Z0)m
such that n1
1 + · · · + nm
m is a divisor.
Let β j be a node of Γ and l = (l1, l2, l3) where l1, l2, l3 are three different elements of {1, . . . ,mj}.
Let Y0, Y1 be the homogeneous coordinates in Eβ j ∼= P1k determined by the intersection points of Eβ j
with Eα j,l1 and Eα j,l2 , and let λ j,l ∈ k be such that the global section of OEβ j (1) deﬁned by Eα j,l3
is Y0 + λ j,lY1. Applying again the isomorphisms in (19) and the action (20), it is proved in [Ok]
that, if the base ﬁeld is C (the same proof holds if chark = 0), then the following equality holds in
R[z1, . . . , zm]:
g j,l3 = λ1j,l g j,l1 + λ2j,l g j,l2 + g+j,l
where λ1j,l, λ
2
j,l ∈ k \ {0}, λ2j,l/λ1j,l = λ j,l , g j,l for l ∈ {l1, l2, l3} are as in 2.6, and
g+j,l =
∑
n
μ j,l,nz
n1
1 . . . z
nm
m
for some μ j,l,n ∈ k, where n runs over all the uples in (Z0)m such that n1
1 + · · · + nm
m − β j
is a divisor whose coeﬃcient in Eβ j is strictly positive. Let
F j,l := −G j,l3 + λ1j,lG j,l1 + λ2j,lG j,l2 + G+j,l ∈ k[[Z1, . . . , Zm]] (22)
where G j,l := ∏
i∈Λ j,l Zn j,l,ii , l = l1, l2, l3 (see 2.6), and G+j,l = ∑n μ j,l,n Zn . For 3  l  mj , set
F j,l := F j,(1,2,l) . Then, from the relations between the λ j,l ’s, it follows that, for any l = (l1, l2, l3),
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erated by {F j,l /1 j  s, 3 l mj}. Then Speck[[Z1, . . . , Zm]]/I is a complete intersection surface
with isolated singularity (see [NW], Th. 2.6), (20) induces an action of DY in Speck[[Z1, . . . , Zm]]/I
and the surjectivity of ψ implies that V = Speck[[Z1, . . . , Zm]]/I and the quotient map by the action
of DY on V is the universal Abelian cover V → S of (S, P0) (see [Ok], Corol. 5.9).
Corollary 2.18. Suppose that there are nodes inΓ . Let β j be a node of Γ , and let g j,l , 1 lmj, bemonomials
in the zi ’s as in 2.6. Let ν be an order function on R whose characteristic vector ofων with respect to C1, . . . ,Cm
is in (Q0)m. Then, for everym-uple n = (n1, . . . ,nm) ∈ (Z0)m such that Dn := n1
1 +· · ·+nm
m −β j
is a divisor whose coeﬃcient in Eβ j is strictly positive, we have
ν
(
zn
)
min
{
ν(g j,l)
/
1 lmj
}
and this inequality is strict if min{ν(g j,l) /1 lmj} is strictly positive.
Proof. From the same argument as in (a) in the proof of Proposition 2.17, taking α = β j , it follows
that νγ (Dn) 0 for every γ ∈ Λ, with strict inequality if γ ∈ Λ. Then the result is a consequence of
Theorem 2.10. 
Remark 2.19. Let (S, P0) be a primitive sandwiched surface singularity and π∗ : Y → X0 := Spec R0
the sequence of blowing ups at the base points of the elements of the simple complete ideal I0
(Remark 2.8), and suppose that P0 is the only singular point of the blowing up of I0 on X0. The
morphism π∗ factors through S , and π : Y → S is the minimal desingularization of (S, P0). For the
morphism π∗ : Y → X0, the elements in 2.5, (3) form a minimal generating sequence {x0, . . . , xg+1}
for the divisorial valuation νg+1 determined by I0, we have di = 1, 0 i  g+1, and the F j,l ’s in (22)
are the following polynomials in k[[X0, . . . , Xg+1]]:
F ∗j = −X j+1 + Xn jj + λ j X
b j0
0 · · · X
b jj−1
j−1 +
∑
n′
λ j,n′ X
n′0
0 · · · X
n′j
j , 1 j  g
where λ j, λ j,n′ ∈ k, {b ji} j−1i=0 ⊂ N satisfy 0  b ji < ni and n jβ j =
∑
i b jiβ i where β i = νg+1(xi), ni =
ei−1/ei , ei = g.c.d.(β0, . . . , β i), and for n′ = (n′0, . . . ,n′j) in the last term, νg+1(xn
′
) > n jβ j . The F
∗
j ’s
deﬁne an embedding of X0 in A
g+2
k . In fact, being the fundamental group of X0 trivial, the universal
Abelian cover of X0 is the identity X0 →X0. The characteristic vectors of π and the equations of the
universal Abelian cover of (S, P0) are determined from the corresponding data for π∗ , since we can
take zi = xi(xg+1)
− βi
βg+1 , 0 i  g , zg+1 = (xg+1)
1
βg+1 (see 2.5).
3. Arcs, wedges and characteristic vectors
Given a variety X over k (i.e. a reduced separated k-scheme of ﬁnite type which is equidimen-
sional), and a ﬁeld extension k ⊆ K , a K -arc on X is a k-morphism Spec K [[t]] → X . There exists a
k-scheme X∞ , called the space of arcs of X , whose K -rational points are the K -arcs on X , for any
K ⊇ k. The scheme X∞ is, in general, not of ﬁnite type. It satisﬁes the following representability
property: for every k-algebra A, we have a natural isomorphism
Homk(Spec A, X∞) ∼= Homk
(
Spec A[[t]], X).
Given P ∈ X∞ , let κ(P ) be its residue ﬁeld, and let us denote by hP the κ(P )-arc on X corresponding
by the previous isomorphism to the κ(P )-rational point of X∞ deﬁned by P . The image in X of the
closed point of Specκ(P )[[t]], or equivalently, the image of P by the natural projection j0 : X∞ → X
A.J. Reguera / Journal of Algebra 366 (2012) 126–164 141is called the center of P . We deﬁne XSing∞ to be the closed subset j−10 (Sing X) of X∞ . Given P ∈ X∞ ,
we denote by νP the order function ordt h

P :OX, j0(P ) → N ∪ {∞}, where hP :OX, j0(P ) → κ(P )[[t]] is
induced by hP .
A K -wedge on X is a k-morphism Spec K [[ξ, t]] → X . It determines univocally a k-morphism
Spec K [[ξ ]] → X∞ , i.e. a K -arc on X∞ . The K -wedges in X are the K -rational points of a K -scheme
X∞,∞ . Given a K -wedge Φ : Spec K [[ξ, t]] → X , the image in X∞ of the closed point (resp. generic
point) of Spec K [[ξ ]] by the induced k-morphism Spec K [[ξ ]] → X∞ will be called the special arc
(resp. generic arc) of Φ . We also say that Φ is centered at its special arc. Let XSing∞,∞ denote the closed
subset of X∞,∞ consisting of the wedges whose generic arc belongs to XSing∞ . If Φ is a K -wedge on
X centered at P ∈ X∞ , and Φ : OX, j0(P ) → K [[ξ, t]] is the morphism induced by Φ , then, for each
discrete valuation υ on K [[ξ, t]], the map ν :OX, j0(P ) → N ∪ {∞} deﬁned by ν(h) := υ(Φ(h)) is an
order function on OX, j0(P ) , more precisely, it is a discrete valuation on the ring OX, j0(P )/kerΦ of
the image of Φ . We say that ν is the restriction of υ by Φ .
An essential divisor over X is a divisorial valuation ν of the function ﬁeld k(X) of X centered
in Sing X , such that the center of ν on any resolution of singularities π : Y → X is an irreducible
component of the exceptional locus of π ([Na], p. 35, and [IK]). Given a resolution of singularities
π : Y → X , and an exceptional divisor E on X , let Y E∞ be the inverse image of E by the projection
Y∞ → Y , and let NE be the closure of its image π∞(Y E∞) by π∞ : Y∞ → X∞ , which is an irreducible
subset of XSing∞ . We deﬁne P E to be the generic point of NE . If the divisorial valuation ν deﬁned by E is
essential, then P E only depends on ν , not on Y . Let {να}α∈E be the set of essential divisors over X ,
and for each α ∈ E , set Pα := P Eα and Nα := NEα , where Eα is the center of να in some divisorial
resolution. We call Pα the stable point of X∞ deﬁned by να (see [Re3], Def. 3.6). The order function νPα
deﬁned by Pα is the essential divisor να (see [Re2], p. 121). We have
XSing∞ \ (Sing X)∞ =
⋃
α∈E
Nα \ (Sing X)∞
([Na,IK], see also [Re2], Prop. 2.2). The map
NX :
{
irreducible components of XSing∞
not contained in (Sing X)∞
}
→ {essential divisors over X}
sending Nα to νPα = να is called the Nash map. The map NX is injective but it need not be surjective
if dim X  4 [IK]. Following [Le], we have characterized when να is in the image of the Nash map as
follows:
Proposition 3.1. (See [Re2], Theorem 5.1.) Let us assume the existence of resolution of singularities in the
birational equivalence class of X . Let να be an essential divisor over X, and let κ(Pα) be the residue ﬁeld of Pα
in X∞ . The following conditions are equivalent:
(i) να belongs to the image of the Nash mapNX .
(ii) For any resolution of singularities p : Y → X, p satisﬁes the property of lifting wedges in XSing∞,∞ centered
at Pα , i.e. for any ﬁeld extension K of κ(Pα), any K -wedge on X whose special arc is Pα and whose
generic arc belongs to XSing∞ , lifts to Y .
(ii’) There exists a resolution of singularities p : Y → X satisfying the property of lifting wedges in XSing∞,∞
centered at Pα .
After a further study developed in [Re3], we are interested in the following, in principle, stronger
property:
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resolution of singularities of X . We say that π satisﬁes the property of lifting wedges centered at Pα
if, for any ﬁeld extension K of κ(Pα), any K -wedge on S whose special arc is Pα , lifts to Y .
In [LR2] the properties below have also been considered. Let π : Y → X be a divisorial resolution
of singularities of X , and let Eα be the center on Y of an essential divisor να . Given Q 0 ∈ Eα , we
denote by N†(Q 0) the image by π∞ of the set of points Q in Y∞ whose corresponding arc intersects
transversally Eα at Q 0.
Deﬁnition 3.3. (See [LR2], Deﬁnition 2.10.) We say that π satisﬁes the property of lifting k-wedges
(resp. the property of lifting k-wedges in XSing∞,∞) with respect to Eα , if the set of closed points Q 0 in
Eα such that every k-wedge given by a closed point of X∞,∞ (resp. XSing∞,∞), whose special arc lies in
N†(Q 0) lifts to Y , has a nonempty intersection with
⋂
n∈N Un for every family of dense open subsets{Un}n∈N of Eα .
Assuming that k is an uncountable ﬁeld of characteristic 0, we have proved (see [LR2], Prop. 2.9)
that if π satisﬁes the property of lifting k-wedges (resp. of lifting k-wedges in XSing∞,∞) with respect to
Eα , then π satisﬁes the property of lifting wedges (resp. of lifting wedges in X
Sing∞,∞) centered at Pα .
The hypothesis chark = 0 is only used through the existence of an Hironaka resolution of singularities.
3.4. Let X be a surface (a 2-dimensional variety), P0 ∈ X, and assume that the formal neighborhood (S =
Spec ÔX,P0 , P0) of P0 on X is a rational surface singularity. Let π : Y → S be the minimal desingularization of
(S, P0). The exceptional curves {Eα}α∈Λ of π are called essential exceptional curves, since the divisorial
valuations {να}α∈Λ over K (R) determined by them are the essential divisors over (S, P0), being R =
ÔX,P0 . Every K -arc h on X centered at P0 (resp. K -wedge Φ on X whose special arc is centered at
P0) extends in a unique way to a k-morphism hS : Spec K [[t]] → (S, P0) (resp. ΦS : Spec K [[ξ, t]] →
(S, P0)), that is, a K -arc (resp. K -wedge) on (S, P0), and ΦS lifts to Y if and only if Φ lifts to the
minimal desingularization of X . We will identify h and hS (resp. Φ and ΦS ) and denote by S∞ the
closed subset of X∞ consisting of the arcs whose center is P0.
Recall that in 2.5 we have chosen nonsingular irreducible curves C1, . . . ,Cm in Y , where Ci inter-
sects transversally the end exceptional curve E
i , and that, for any order function ν on R , we have
deﬁned the characteristic vector ων of ν with respect to C1, . . . ,Cm . In particular, for any P ∈ S∞ ,
ωνP denotes the characteristic vector of νP with respect to C1, . . . ,Cm . For any ﬁeld extension K of k,
any K -wedge Φ on S and any irreducible element p in K [[ξ, t]], let νΦ,p be the order function on R
which is the restriction by Φ of ordp : K [[ξ, t]] → N ∪ {∞}, and let ωνΦ,p be its characteristic vector
with respect to C1, . . . ,Cm .
Deﬁnition 3.5. A point P of S∞ is said to be a general element of Nα with respect to C1, . . . ,Cm if it is
the image by π∞ of a point Q ∈ Y∞ centered at a point in E0α and such that the arc hQ intersects
Eα transversally.
For E0α , recall the notation before Theorem 2.10. With the notation in Deﬁnition 3.3, P ∈ S∞ is
a general element of Nα with respect to C1, . . . ,Cm if there exists a (scheme theoretic) point Q 0 of
E0α such that P belongs to N
†(Q 0). Note that, if P ∈ S∞ is a general element of Nα with respect to
C1, . . . ,Cm , then ωνP = ωα . Note also that the generic point Pα of Nα is a general element of Nα
with respect to C1, . . . ,Cm . In fact, hPα : κ(Pα)[[t]] → S lifts to an arc on Y centered at the generic
point of Eα and, since νPα = να , the lifting arc intersects transversally Eα .
Deﬁnition 3.6. Let K be a ﬁeld extension of k and let Φ : Spec K [[ξ, t]] → S be a K -wedge. We deﬁne
the characteristic vectors of Φ with respect to C1, . . . ,Cm to be the nonzero vectors in {ωνΦ,p }p where
p runs over all irreducible elements in K [[ξ, t]] up to multiplication by a unit. We denote them by
{ωνΦ,p }p∈IΦ .
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i.e. the set IΦ of classes of irreducible elements p in K [[ξ, t]], up to multiplication by a unit, such
that ωνΦ,p = 0 is a ﬁnite set. We are interested in wedges Φ such that ωνΦ,p ∈ (Q0)m for every
p ∈ IΦ . This holds, for instance, if the special arc of Φ is a point P of S∞ such that ωνP ∈ (Q0)m ,
in particular, if P is a general element of Nα with respect to C1, . . . ,Cm . Then, for every characteristic
vector ωνΦ,p , Theorem 2.10 can be applied. Let
ωνΦ,p =
∑
γ∈Λ
nγ (p)ωγ (23)
be the geometric decomposition of ωνΦ,p . Here, the nγ (p)’s are nonnegative integers and nγ (p) > 0
if and only if γ ∈ ΛνΦ,p , i.e. the center on Y of the order function νΦ,p is contained in Eγ (resp. in
Ci) if γ ∈ Λ (resp. if γ = i, 1 i m). Hence nγ (p) > 0 for at most two elements γ1, γ2 which are
adjacent in Γ .
Deﬁnition 3.7. Let Φ : Spec K [[ξ, t]] → S be a K -wedge such that ωνΦ,p ∈ (Q0)m for every p ∈ IΦ .
For γ ∈ Λ, let
qγ :=
∏
p∈IΦ
pnγ (p) ∈ K [[ξ, t]]
where the nγ (p)’s are the integers in the decomposition (23). The qγ ’s are univocally determined up
to multiplication by a unit. We call {qγ }γ∈Λ the factors of Φ with respect to C1, . . . ,Cm .
Note that, given an irreducible element p in K [[ξ, t]], for γ ∈ Λ (resp. γ = i ∈ {1 . . .m}), we have
that p divides qγ if and only if the center on Y of the order function νΦ,p is contained in Eγ (resp.
in Ci).
Proposition 3.8. Let K be a ﬁeld extension of k and let Φ : Spec K [[ξ, t]] → S be a K -wedge centered at
P ∈ S∞ . Suppose that ωνP ∈ (Q0)m. Let {qγ }γ∈Λ be the factors of Φ with respect to C1, . . . ,Cm. Then, we
have:
(i) g.c.d.(qγ ,qγ ′ ) = 1 for γ ,γ ′ ∈ Λ, γ ′ /∈ adjΓ (γ ).
(ii) If θ0 : K [[ξ, t]] → K [[t]] is the K -morphism given by θ0(ξ) = 0, θ0(t) = t, then
ωνP =
∑
γ∈Λ
ordt
(
θ0(qγ )
)
ωγ .
Proof. From the deﬁnition of the qγ ’s and the decompositions (23), it follows that, for every p ∈ IΦ ,
p does not divide g.c.d.(qγ ,qγ ′ ) if γ ′ /∈ adjΓ (γ ). This proves (i). For (ii), since xi = zdii ∈ R , by (23) we
have
Φ(xi) = oi
∏
p∈IΦ
pνΦ,p(xi) = oi
∏
γ∈Λ
q
νγ (xi)
γ for 1 i m (24)
where oi is a unit in K [[ξ, t]]. Since the wedge Φ is centered at P , we conclude that νP (xi) =∑
γ∈Λ ordt θ0(qγ )νγ (xi) for 1 i m, hence (ii) holds. 
Lemma 3.9. Let Eα be an essential exceptional curve. Let Φ : Spec K [[ξ, t]] → S be a K -wedge centered
at a general element of Nα with respect to C1, . . . ,Cm, and let {qγ }γ∈Λ be the factors of Φ with respect to
C1, . . . ,Cm. Then Φ lifts to the minimal desingularization Y if and only if qγ is a unit for every γ ∈ Λ \ {α}.
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lifts to Y .
Proof. The last assertion follows from the ﬁrst one by Proposition 3.8(ii). For the ﬁrst assertion, let
πα : Yα → S be the blowing up of the complete ideal pα,nα (see 2.16). The minimal desingularization
π factors through πα because pα,nαOY =OY (−dαα) is an invertible sheaf. Let π ′ : Y → Yα be the
corresponding morphism. Then, π ′ is a desingularization of Yα and, for α′ ∈ Λ, the exceptional curve
Eα′ contracts by π ′ to a point in Yα if and only if α′ = α (see [CPR1], Lemma 2.4). Therefore π ′ is
an isomorphism over an open subset of Y containing E0α . Since Φ is centered in a general element
of Nα with respect to C1, . . . ,Cm , Φ lifts to Y if and only if it lifts to Yα , or equivalently, the ideal
Φ(pα,nα ) of K [[ξ, t]] is invertible.
Recall that for every f + ∈ p+α,nα and every order function ν on R we have ν( f +) ν(pα,nα ) with
strict inequality if ν(pα,nα ) > 0 (Proposition 2.17). Besides, given α0,α
′
0 ∈ adjΓ (α) (resp. α0 ∈ adjΓ (α)
if α = 
i0 is an end), for 0  r  dα , there exists fr ∈ R such that divY ( fr) = dαα + rDα,α0 +
(dα − r)Dα,α′0 +
∑
i nr,iCi (resp. divY ( fr) = dαα + rDα,α0 + (dα − r)Ci0 +
∑
i =i0 nr,iCi), where nr,i ∈
N ∪ {0} (see (8)). From the isomorphism ηα,nα in (19) it follows that the classes of { fr}dαr=0 generate
pα,nα /p
+
α,nα . Since there exists d ∈ N such that f dr /(grα,α0 gdα−rα,α′0 )
d (resp. f dr /(g
r
α,α0
zdα−ri0 )
d) is a unit in
R (see the argument in the proof of (9)), applying (24), we obtain that
Φ( fr) = o
∏
γ∈Λ
q
νγ (dαα)
γ
∏
γ∈Λα,α0\{α}
q
rνγ (Dα,α0 )
γ
∏
γ∈Λα,α′0\{α}
q
(dα−r)νγ (Dα,α′0 )
γ
(resp. the equality obtained by replacing the last product by qdα−ri0 ), where o is a unit in K [[ξ, t]]. From
this and Proposition 3.8(i) it follows that Φ lifts to Yα if and only if either
∏
γ∈Λα,α0 \{α} q
νγ (Dα,α0 )
γ or∏
γ∈Λα,α′0 \{α}
q
νγ (Dα,α′0
)
γ (resp. qi0 ) is a unit.
Let us show that this last assertion holds if and only if qγ is a unit for every γ ∈ Λ \ {α}, and
then conclude the result. In fact, the suﬃcient condition is clear. For the necessary condition, note
ﬁrst that, since Dα,α0 ∈ E+Λα,α0 and Dα,α0 · Eα′ = 0 for every α
′ ∈ Λα,α0 \ {
1, . . . , 
m}, we have that
να′(Dα,α0) 1 for every α′ ∈ Λα,α0 , and
there exists i ∈ Λα,α0 ∩ {1, . . . ,m} such that νi(Dα,α0) 1. (25)
In fact, the ﬁrst statement follows from the negative-deﬁniteness of the intersection matrix (see 2.1),
and the second one follows from the adjunction formula: recall that
Dα,α0 · K =
∑
α′∈Λα,α0
να′(Dα,α0)
(−E2α′ − 2) 0,
where K is a canonical divisor on Y , hence p(Dα,α0 ) = 12 Dα,α0 · ( Dα,α0 + K )+1 12 Dα,α0 · Dα,α0 +1,
and p(Dα,α0 ) 0 (see 2.1) implies 0 > Dα,α0 · Dα,α0 =
∑
i∈Λα,α0∩{1,...,m}(Dα,α0 · E
i ); therefore there
exists i ∈ Λα,α0 ∩ {1, . . . ,m} such that νi(Dα,α0 ) = −Dα,α0 · E
i  1. This proves (25). Now, we are
assuming that either
∏
γ∈Λα,α0 \{α} q
νγ (Dα,α0 )
γ or
∏
γ∈Λα,α′0 \{α}
q
νγ (Dα,α′0
)
γ (resp. qi0 ) is a unit. Thus, ap-
plying (25) either to Dα,α0 or to Dα,α′0 we conclude that there exists i ∈ {1, . . . ,m} such that qγ is
a unit for every γ ∈ ch(α, i) \ {α}. Equivalently, ordt(θ0(qγ )) = 0 for every γ ∈ ch(α, i) \ {α}. Since
ωP = ωα , Proposition 3.8(ii) asserts that ωα =∑γ∈Λ ordt(θ0(qγ ))ωγ . Therefore, this is the geometric
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qγ is a unit for every γ ∈ Λ \ {α}. This concludes the proof. 
Corollary 3.10. (Suﬃcient condition to the property of lifting wedges centered at Pα). Let X be a surface and
P0 ∈ X such that the formal neighborhood (S, P0) of P0 on X has a rational surface singularity. Let Γ be the
dual graph of the minimal desingularization of (S, P0), and let α be the index of a vertex in Γ , hence deﬁning
an essential divisor να over X. Suppose that there exists an end 
i of Γ such that
να(
i ) < νγ (
i ) for every γ ∈ ch(α, i) \ {α}.
Then, the minimal desingularization of X satisﬁes the property of lifting wedges centered at Pα . In particular,
να belongs to the image of the Nash map.
Proof. The ﬁrst assertion follows from Proposition 3.8(ii), Corollary 2.14 and Lemma 3.9. The second
one is consequence of [Re2], Th. 5.1. 
Remark 3.11. Corollary 3.10 gives a suﬃcient condition for an essential divisor να to belong to the
image of the Nash map, which is stronger to the one we gave in [Re1], Th. 1.10. The suﬃcient condi-
tion in [Re1] allows us to conclude that the minimal desingularization of a minimal surface singularity
satisﬁes the property of lifting wedges centered at Pα for every essential divisor να (see Corollary 4.4
in the next section), but is not enough to conclude it for sandwiched surface singularities. The proof
of this property of lifting wedges centered at Pα for sandwiched surface singularities was obtained
in [Re2], Corol. 5.3, as consequence of the main result in [Re2] and the work [LR1]. Corollary 3.10 can
be applied to give a new proof of it in which the fact that any sandwiched surface singularity is the
birational join of primitive surface singularities is not applied (see Remark 2.15).
Remark 3.12. There are still many rational surface singularities which do not satisfy the suﬃcient
condition in Corollary 3.10. For instance, any rational double point of type Dn for n  4, E6 , E7 ,
and E8 . In the following picture we have represented the extended dual graph and the characteristic
vectors {ωγ }γ∈Λ of the minimal desingularization of an E8-singularity, being the vector ωγ close
to the vertex of Γ corresponding to the essential exceptional curve Eγ (resp. to the added vertex
i ∈ {1,2,3}) if γ ∈ Λ (resp γ = i). Recall that E2α = −2 for α ∈ Λ.

(1,0,0)

(4,2,5)

(7,4,10)

(10,6,15)

(8,5,12)

(6,4,9)

(4,3,6)

(2,2,3)

(0,1,0)
 (5,3,8)
 (0,0,1)
(26)
Note that there exists α ∈ Λ such that the characteristic vector ωα admits nongeometric decomposi-
tions. For instance, the following is a nongeometric decomposition (10,6,15) = (4,2,5) + (6,4,9) +
(0,0,1).
If the characteristic of the base ﬁeld is zero, a proof of the bijectiveness of the Nash map for the
Dn-singularities, n 4, is given in [Pl].
3.13. To follow our study we will ﬁrst apply an idea which has appeared in [LR2]. Let us ﬁrst intro-
duce some notation. As before, let Φ : Spec K [[ξ, t]] → S be a K -wedge whose characteristic vectors
{ωνΦ,p }p∈IΦ belong to (Q0)m . In particular, this implies that Φ does not factor through P0. Hence
there exists a ﬁnite sequence of blowing-ups at closed points ρ˜ : W˜ → W0 := Spec K [[ξ, t]] and a
morphism Φ˜ : W˜ → Y such that we have a commutative diagram of k-morphisms
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Φ˜
ρ˜
Y
π
W0 = Spec K [[ξ, t]] Φ S.
(27)
Moreover, we can take W˜ minimal with this property. We will then call the morphism Φ˜ : W˜ → Y
the resolution of Φ . Note that W˜ = W0 if and only if Φ lifts to Y .
Let O be the closed point of W0. A closed point O ′ on a surface W ′ obtained by a ﬁnite sequence
of closed point blowing ups ρ : W ′ → W0 is said to be a point inﬁnitely near O . Note that ρ(O ′) = O ,
and also that O is inﬁnitely near O . For each point O ′ inﬁnitely near O , let WO ′ := Spec ÔW ′,O ′ , let
ρO ′ : WO ′ → WO = W0 be the morphism induced by ρ , and ΦO ′ : WO ′ → S the K -wedge obtained
by composing ρO ′ with Φ (recall that, if u, v is a regular system of parameters of the regular ring
OW ′,O ′ then OWO ′ ,O ′ = ÔW ′,O ′ ∼= K [[u, v]]). The evaluation of the multiplicity at O ′ deﬁnes a diviso-
rial valuation multO ′ on ÔW ′,O ′ . Its restriction by ΦO ′ is an order function on R whose characteristic
vector with respect to C1, . . . ,Cm will be denoted by ωmultO ′ .
Let O ′ be a point inﬁnitely near O , let {qγ }γ∈Λ be the factors of Φ with respect to C1, . . . ,Cm
and, for each γ ∈ Λ, let q′γ be an element of the local ring OWO ′ ,O ′ = ÔW ′,O ′ deﬁning the strict
transform in WO ′ of the curve qγ = 0 (if O ′ = O then we can take q′γ = qγ ). The elements {q′γ }γ∈Λ
are univocally determined up to multiplication by a unit. There exists a regular system of parameters
u, v of the local ring of WO ′ at O ′ such that neither u nor v divide q′γ for every γ ∈ Λ. Hence the
characteristic vector ωνΦO ′ ,u (resp. ωνΦO ′ ,v ) of νΦO ′ ,u (resp. νΦO ′ ,v ) is nonzero if and only if the curve
u = 0 (resp. v = 0) is an exceptional curve for the morphism ρO ′ : WO ′ → WO . Then, the factors
{qγ (ΦO ′)}γ∈Λ of ΦO ′ with respect to C1, . . . ,Cm can be expressed as follows
qγ (ΦO ′) = unγ (u)vnγ (v) q′γ for γ ∈ Λ (28)
where ωνΦO ′ ,u =
∑
γ nγ (u)ωγ and ωνΦO ′ ,v =
∑
γ nγ (v) ωγ are the geometric decompositions of the
characteristic vectors of νΦO ′ ,u and νΦO ′ ,v . Note that if nγ (u) > 0 for some γ ∈ Λ then u = 0 is an
exceptional curve for ρO ′ , and analogously for v . Note also that, if u = 0 is the exceptional locus of
the blowing up W ′ → W1 of a point O 1 inﬁnitely near O , then ωνΦO ′ ,u = ωmultO1 .
Proposition 3.14. Let Eα be an essential exceptional curve. Let Φ : Spec K [[ξ, t]] → S be a K -wedge whose
characteristic vectors belong to (Q0)m, and let {qγ }γ∈Λ be the factors of Φ with respect to C1, . . . ,Cm.
Suppose that there exists γ ∈ Λ \ {α} such that qγ is not a unit. Then, the following conditions are equivalent:
(i) There exists a point O ′ inﬁnitely near O such that W˜ strictly dominates WO ′ and the strict transform CO ′
on W˜ of the exceptional curve of the blowing up of WO ′ at O ′ is sent by Φ˜ onto Eα .
(ii) For every i ∈ {1, . . . ,m}, there exists γ ∈ ch(α, i) \ {α} such that qγ is not a unit.
(iii) For every α0 ∈ adjΓ (α), there exists γ ∈ Λα,α0 \ {α}, such that qγ is not a unit.
(iv) For every α0 ∈ adjΓ (α), there exists γ /∈ Λα,α0 such that qγ is not a unit.
Proof. It is clear that (ii) implies (iii). Besides, note that, for α0 ∈ adjΓ (α), Λ \ Λα,α0 is the disjoint
union of Λα,α′0 \ {α} where α′0 runs in adjΓ (α) \ {α0}. From this it follows that (iii) implies (iv).
Let us now prove that (iv) implies (i). Let us consider the commutative diagram (27). Let C be the
exceptional locus of ρ˜ . Since C is connected, its image Φ˜(C) by Φ˜ : W˜ → Y is a connected subset of
the exceptional locus of π . Moreover, let γ ∈ Λ such that the factor qγ of Φ is not a unit, hence there
exists an irreducible element p of K [[ξ, t]] which divides qγ , let us denote by ζp the curve deﬁned
by p in WO = Spec K [[ξ, t]] and by ζ˜p its strict transform in W˜ . Then, Φ˜(C) contains the image by Φ˜
of the point ζ˜p ∩ C , which is contained in Φ˜(˜ζp). Since Φ˜(˜ζp) is the center on Y of νΦ,p , we conclude
that, if γ ∈ Λ then Φ˜(C) contains some point of Eγ , and if γ = i, 1 i m, then Φ˜(C) contains the
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i . Now, (iv) implies that there exists γ1, γ2 ∈ Λ \ {α} such that qγ1 and qγ2 are not units
and α ∈ ch(γ1, γ2). From this it follows that the exceptional curve Eα is contained in Φ˜(C), i.e. there
exists an irreducible component CO ′ of C such that Φ˜(CO ′ ) = Eα . From this (i) follows.
Finally let us apply that there exists γ = α such that qγ is not a unit to prove that (i) implies (ii).
Let us assume that (ii) does not hold. Then, there exists i ∈ {1, . . . ,m} such that
(a) qγ is a unit for every γ ∈ ch(α, i) \ {α}.
(b) there exists γ ∈ Λ \ {α}, such that qγ is not a unit.
Let νO be the restriction to R of the divisorial valuation multO on K [[ξ, t]]. Since we have ωνO =∑
γ multO (qγ )ωγ (see (24)), the properties (a) and (b), and Lemma 2.13, imply that ΛνO ∩ ch(α, i) \{α} = ∅ and ΛνO = {α}. In particular, νO is not a multiple of να . Moreover, since multO is the diviso-
rial valuation deﬁned by the exceptional locus of the blowing up W1 → W of O , this implies that, for
every closed point O 1 in W1 such that W˜ dominates WO 1 , the factors {qγ (ΦO 1)}γ∈Λ of ΦO 1 with
respect to C1, . . . ,Cm also satisfy (a) and (b). By recurrence, we obtain that the same holds for every
point O ′ inﬁnitely near O such that W˜ strictly dominates WO ′ . This implies that the restriction νO ′
to R of the divisorial valuation multO ′ is not να . Since multO ′ is the divisorial valuation deﬁned by
the exceptional locus of the blowing up of O ′ , we conclude that (i) does not hold. This ﬁnishes the
proof. 
Corollary 3.15. (See [LR2], proof of Theorem 3.3.) Let Eα be an essential exceptional curve. Suppose that
there exists a K -wedge Φ : WO = Spec K [[ξ, t]] → S centered at a general element of Nα with respect to
C1, . . . ,Cm, which does not lift to Y . Then, there exists an irreducible component of the exceptional locus of
ρ˜ : W˜ → WO which is sent by Φ˜ onto Eα .
Proof. Proposition 3.8(ii), Lemma 3.9 and Lemma 2.13 imply that (ii) in Proposition 3.14 holds. Thus,
the result follows from Proposition 3.14. 
4. On Laufer’s algorithm
Let us recall Laufer’s algorithm (see [La], Prop. 4.1) to compute the fundamental cycle Z of π :
Choose α1 ∈ Λ and set Z(1) = Eα1 . Once computed Z(n), by recurrence, if there is αn+1 ∈ Λ such
that Z(n) · Eαn+1 > 0, then set Z(n + 1) = Z(n) + Eαn+1 . If there isn’t, then Z = Z(n). After a ﬁnite
number of steps, this algorithm provides the fundamental cycle Z . The divisors {Z(n)}n appearing in
the previous computation will be called a computation sequence of Z . Since (S, P0) is a rational surface
singularity, we have p(Z) = 0, which implies
Z(n) · Eαn+1 = 1 (29)
for every Z(n) in a computation sequence [La], Th. 4.2. As a consequence of (29), and since Z ∑
α∈Λ Eα , we obtain that (−E2β j )mj − 1 for every node β j of Γ (recall that mj is the number of
elements of adjΓ (β j)). Recall also that a minimal surface singularity is a rational surface singularity
whose fundamental cycle for the minimal desingularization is reduced. This motivates the following
deﬁnition:
Deﬁnition 4.1. A node β j of Γ is said to be a minimal node if (−E2β j )mj .
Deﬁnition 4.2. Given α,α′ ∈ Λ, we say that α is decreasing in ch(α,α′) (resp. nondecreasing in
ch(α,α′)) if
ναk−1(α) > ναk (α)
(
resp. ναk−1(α) ναk (α)
)
for 1< k n
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adjΓ (αk−1) for 1 < k  n, hence αn = α′ . Given a subset Λ′ of Λ, we say that α is decreasing (resp.
nondecreasing) in Λ′ if α is decreasing (resp. nondecreasing) in ch(α,α′) for every α′ ∈ Λ′ \ {α}.
Lemma 4.3. Let α1,α2, . . . ,αn be the elements in a chain ch(α1,αn) ⊂ Γ , in such a way that n > 1, αk ∈
adjΓ (αk−1) for 1< k n and there is no node of Γ in {α2, . . . ,αn−1}. We have:
(i) Let  be any Q-divisor in Q⊗ EY such that  · Eαk = 0 for 1 < k < n. Then, for any n′ , 1 < n′  n, we
have
ναn′−1() > ναn′ () if and only if ναk−1() > ναk () for every k ∈
{
1, . . . ,n′
}
.
Besides, if we replace > by , then the equivalence also holds.
(ii) If α1 ∈ Λ and αn is an end of Γ then α1 is decreasing in ch(α1,αn).
(iii) Suppose that α1,αn ∈ Λ. Given n′ , 1 < n′  n, either α1 is decreasing in ch(α1,αn′ ) or αn is decreasing
in ch(αn,αn′−1).
Proof. The equalities  · Eαk = 0 for 1< k < n are equivalent to
ναk−1() =
((−E2αk)− 1)ναk () + (ναk () − ναk+1()) for 1< k < n.
Since (−E2αk )  2 because π is the minimal desingularization, (i) follows. The assertion (ii) follows
from (i) applied to α1 because, if αn = 
i is an end, then 0 = νi(α1 ) < ν
i (α1 ). For (iii), note that
α2 ∈ adjΓ (α1) and let us consider a divisor Dα1,α2 satisfying (a) to (c) in 2.6. From the previous argu-
ment, since Supp Dα1,α2 ⊆
⋃
α′∈Λα1,α2 Eα′ , it follows that ναk (Dα1,α2) < ναk+1 (Dα1,α2) for 1 k n. On
the other hand, the Q-divisors αn and α1 +Dα1,α2 have zero intersection with Eγ for γ ∈ Λαn,αn−1 ,
hence, from Lemma 2.7(i) it follows that
ναk (αn )
ναk+1(αn )
= ναk (α1 + Dα1,α2)
ναk+1(α1 + Dα1,α2)
for 1 k n.
Now, let n′ , 1 < n′  n, and suppose that α1 is not decreasing in ch(α1,αn′ ), or equivalently by (i)
applied to α1 , ναn′−1 (α1 ) ναn′ (α1 ). Then
ναn′−1(αn )
ναn′ (αn)

ναn′ (α1) + ναn′−1(Dα1,α2)
ναn′ (α1) + ναn′ (Dα1,α2)
<
ναn′ (α1) + ναn′ (Dα1,α2)
ναn′ (α1) + ναn′ (Dα1,α2)
= 1.
Thus, again by (i) applied to αn , αn is decreasing in ch(αn,αn′−1). 
Corollary 4.4. (See [Re1], Corollary 2.6.) Let α ∈ Λ and α0 ∈ adjΓ (α), and suppose that all the nodes in Λα,α0
are minimal. Then α is decreasing in Λα,α0 .
In particular, if (S, P0) is a minimal surface singularity, or equivalently, all the nodes in Γ are minimal,
then every end 
i of Γ is decreasing in Λ.
Proof. It follows from (i) and (ii) in Lemma 4.3, and the following observation, applied to α : Let β j
be a minimal node, α j,l1 ∈ adjΓ (β j), and let  be a Q-divisor such that  · Eβ j = 0 and να j,l () <
νβ j () for l = l1, 1 l mj , then νβ j () < να j,l1 (). This is essentially the argument in the proof of
[Re1], Corol. 2.6. 
Lemma 4.5. Assume that (S, P0) is not a minimal surface singularity. Then, for every α ∈ Λ, there exists a
nonminimal node β j of Γ which is decreasing in ch(β j,α).
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(a) β j′ is decreasing in ch(β j′ ,α),
(b) if β j′ is a minimal node, then there exists α j′,l′ ∈ adjΓ (β j′ ) such that α /∈ Λ j′,l′ and Λ j′,l′ contains
nonminimal nodes.
In fact, if α is a node, then β j′ = α clearly satisﬁes (a), and also (b), because Λ is the disjoint union
of {β j′ } and the subsets Λ j′,l′ , 1 l′ mj′ , and, by hypothesis, there exist nonminimal nodes in Γ .
Suppose now that α is not a node. If there exists α0 ∈ adjΓ (α) such that all the nodes in Λα,α0 \ {α}
are minimal, then, by Corollary 4.4, β j′ can be taken to be the unique node which is not in Λα,α0 and
such that there is no node in ch(β j′ ,α) \ {β j′ }. In any other case, there exists a unique pair of nodes
β j′ , β j′′ which are adjacent in S and such that α ∈ ch(β j′ , β j′′ ). By (iii) in Lemma 4.3, either β j′ is
decreasing in ch(β j′ ,α) or β j′′ is decreasing in ch(β j′′ ,α). Suppose that β j′ is decreasing in ch(β j′ ,α),
hence it satisﬁes (a). Let α0 ∈ adjΓ (α) be such that β j′ ∈ Λα,α0 . Since Λα,α0 contains nonminimal
nodes, (b) is also satisﬁed.
Let β j1 be a node satisfying (a) and (b). If β j1 is nonminimal, then β j = β j1 satisﬁes the lemma.
Suppose that β j1 is a minimal node. Let us reorder the set of indices in adj
Γ (β j1 ) in such a way that{1, . . . ,m′j1 } is the set of indices l, 1 l mj1 such that either α ∈ Λ j1,l or all the nodes in Λ j1,l are
minimal. By (b), we have m′j1 < mj1 . By (a) and Corollary 4.4, we have να j1,l (β j1 ) < νβ j1 (β j1 ) for
1 lm′j1 . Since β j1 · Eβ j1 = −1 and (−E2β j1 )mj1 , we obtain
mj1νβ j1 (β j1 ) 1+
mj1∑
l=1
να j1,l (β j1 ) < 1+ m′j1νβ j1 (β j1 ) +
mj1∑
l=m′j1+1
να j1,l (β j1 ).
This implies that there exists l1, m′j1 < l1 mj1 , such that 1+να j1,l1 (β j1 ) > νβ j1 (β j1 ). Let β j2 be the
unique node in Λ j1,l1 which is adjacent to β j1 in S . Then, the Q-divisors β j2 and β j1 + D j1,l1 have
zero intersection with Eγ for every γ ∈ Λα j1,l1 ,β j1 . Since α j1,l1 , β j1 ∈ Λ∗α j1,l1 ,β j1 , from Lemma 2.7(i)
we conclude that
να j1,l1 (β j2 )
νβ j1 (β j2 )
= να j1,l1 (β j1 + D j1,l1)
νβ j1 (β j1 + D j1,l1)
= να j1,l1 (β j1 ) + 1
νβ j1 (β j1 )
> 1.
By Lemma 4.3(i), the previous inequality implies that β j2 is decreasing in ch(β j2 , β j1 ), hence in
ch(β j2 ,α). Besides, m
′
j1
< l1 mj1 , implies that either β j2 is a nonminimal node or there exists l2,
1  l2 mj2 , such that α /∈ Λ j2,l2 and Λ j2,l2 contains nonminimal nodes. Following in this way, we
deﬁne nodes β j1 , β j2 , . . . , β jn , . . . satisfying (a) and (b) and such that β jn ∈ adjS (β jn−1 ), where the
process does not stop unless β jn is a nonminimal node. Since Λ has a ﬁnite number of nodes, the
process has to stop. Therefore, there exists n0 ∈N such that β jn0 is a nonminimal node, thus β j = β jn0
satisﬁes the assertion in the lemma. 
Lemma 4.6. Let β j be a nonminimal node of Γ . For every l, 1 lmj, let Z j,l (resp. Z∗j,l) be the fundamental
cycle for Λ j,l (resp. Λ∗j,l). Then we have
Z∗j,l = Z j,l + Eβ j for 1 lmj . (30)
Proof. First recall the deﬁnition of Λ j,l (resp. Λ∗j,l = Λ j,l ∪ {β j}) and Z j,l (resp. Z∗j,l) in 2.2. Recall
also that να j,l (Z j,l) = 1 and νβ j (Z∗j,l) = 1 by (5), and that E2β j = −(mj − 1) because β j is a nonmini-
mal node. Let Z(1) :=∑1l′m Z j,l′ + Eβ j , which is a divisor in some computation sequence of thej
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1 l mj . It follows that (30) is equivalent to Z(1) · Eα j,l  0 for 1 l mj . If it does not hold, i.e.
there exists l such that Z(1) · Eα j,l = 1 (see (29)), then the next step in the computation sequence of
Z can be taken to be Z(1) + Eα j,l . But (Z(1) + Eα j,l ) · Eβ j = 2, which contradicts (29). This proves the
lemma. 
Proposition 4.7. Let β j be a nonminimal node of Γ , and let l, 1 lmj. Then, there exists a divisor D∗j,l ∈ EY
satisfying:
(a∗) Supp D∗j,l ⊂
⋃
α′∈Λ∗j,l Eα′ , i.e. D
∗
j,l ∈ EΛ∗j,l ⊂ EY .
(b∗) νβ j (D∗j,l) = να j,l (D∗j,l) = 1.
(c∗) D∗j,l ∈ E+Λ∗j,l , and D
∗
j,l · Eα′ = 0 for α′ ∈ Λ j,l \ {
1, . . . , 
m}.
Moreover, for any choice of a divisor D∗j,l as before, we have:
να′
(
D∗j,l
)
 1 for every α′ ∈ Λ j,l, and
∑
i∈Λ j,l∩{1,...,m}
νi
(
D∗j,l
)
 1.
Proof. The existence of D∗j,l satisfying (a
∗) to (c∗) follows from Lemma 4.6 and (5) in 2.6. More
precisely, the following algorithm provides D∗j,l: set D1 = Z∗j,l and, once computed Dn , by recurrence,
if there exists α ∈ Λ j,l \ {
1, . . . , 
m} such that Dn · Eα < 0, we choose α0 ∈ adjΓ (α) \ ch(α,β j) and
set Dn+1 = Dn + Zα,α0 , which belongs to E+Λ∗j,l ; if there isn’t then D
∗
j,l = Dn . Now, in an analogous
way as in the proof of (25) in Lemma 3.9, for any divisor D∗j,l satisfying (a
∗) to (c∗), condition (c∗)
implies that να′ (D∗j,l) 1 for every α′ ∈ Λ j,l . To prove that there exists i ∈ Λ j,l , 1 i m, such that
νi(D∗j,l) := −(D∗j,l · E
i ) 1, let us argue by contradiction. Suppose that it does not hold, then, by (c∗)
and (b∗),
D∗j,l · D∗j,l = D∗j,l · Eβ j = E2β j + 1 = −(mj − 1) + 1 = −(mj − 2),
D∗j,l · K =
∑
α′∈Λ∗j,l
να′
(
D∗j,l
)(−E2α′ − 2) (−E2β j − 2)=mj − 3,
where K is a canonical divisor on Y . Therefore, p(D∗j,l) = 12 D∗j,l · ( D∗j,l + K ) + 1 12 , which contra-
dicts p(D∗j,l) 0 (see 2.1). 
Corollary 4.8. Let β j be a nonminimal node of Γ . Then:
νβ j (β j ) > να j,l (β j ) for 1 lmj.
Proof. Let l, 1 l mj . Recall that the ends of the dual graph Γ ∗j,l are {β j} ∪ {
i}i∈Λ j,l∩{1,...,m} . Let us
denote by ∗j,l the restriction to EΛ∗j,l ⊗Q of the Q-divisor β j ∈ EY ⊗Q, and let e := −∗j,l · Eβ j ∈N.
For i ∈ Λ j,l ∩ {1, . . . ,m}, let ∗
i be the unique Q-divisor in EΛ∗j,l ⊗Q satisfying ∗
i · Eγ = −δ
i ,γ for
every γ ∈ Λ∗j,l . Then, Lemma 2.9 applied to Λ∗j,l asserts that
να j,l (
∗

i
)
νβ j (
∗

i
)
>
να j,l (
1
e
∗
j,l)
νβ j (
1∗ )
= να j,l (
∗
j,l)
νβ j (
∗
j,l)
for every i ∈ Λ j,l ∩ {1, . . . ,m} (31)
e j,l
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∗) to (c∗) in Proposition 4.7. We have
D∗j,l =
∑
i∈Λ j,l∩{1,...,m}
(−D∗j,l · E
i )∗
i + (−D∗j,l · Eβ j )1e∗j,l.
Thus, να j,l (D
∗
j,l) =
∑
i∈Λ j,l∩{1,...,m}(−D∗j,l · E
i )να j,l (∗
i ) + (−D∗j,l · Eβ j ) 1e να j,l (∗j,l) and analogously for
νβ j (D
∗
j,l). Applying this, and since (−D∗j,l · Eβ j ) and the (−D∗j,l · E
i )’s are nonnegative integers and
there exists i ∈ Λ j,l ∩ {1, . . . ,m} such that νi(D∗j,l) = (−D∗j,l · E
i ) > 0 (Proposition 4.7), from (31) we
conclude
1 = να j,l
(
D∗j,l
)
> νβ j
(
D∗j,l
)να j,l (∗j,l)
νβ j (
∗
j,l)
= να j,l (
∗
j,l)
νβ j (
∗
j,l)
.
Therefore, να j,l (β j ) = να j,l (∗j,l) < νβ j (∗j,l) = νβ j (β j ). 
Corollary 4.9. Let β j be a nonminimal node, let l, 1 l mj, and let D∗j,l be a divisor as in Proposition 4.7.
Then, for every α′ ∈ Λ j,l , we have
νβ j (β j ) να′
(
D∗j,l
)− να′(β j ) (νβ j (β j ) − να j,l (β j ))> 0. (32)
Proof. Recall that (νβ j (β j ) − να j,l (β j )) > 0 by Corollary 4.8. Let us consider the Q-divisor
 := 1
(νβ j (β j ) − να j,l (β j ))
(
νβ j (β j )D
∗
j,l − ∗j,l
)
(33)
where ∗j,l is the restriction to EΛ∗j,l ⊗Q of β j . We have νβ j () = 0, moreover there exists a positive
integer r such that r ∈ E+Λ j,l . In fact,  · Eα′ = 0 for every α′ ∈ Λ j,l \ {
1, . . . , 
m} and − · E
i  0 for
i ∈ Λ j,l ∩ {1, . . . ,m}. For α′ ∈ Λ j,l , the ﬁrst inequality in (32) is equivalent to να′ ()  1. First, note
that να j,l () = 1. Let α′ ∈ Λ j,l \ {α j,l}. If να j,l (α j,l )  να′ (α j,l ) then, applying Lemma 2.9 to Λ j,l ,
in an analogous way as in the proof of Corollary 4.8, it follows that να′ () 
να′ (α j,l )
να j,l (α j,l )
να j,l () 
να j,l () = 1. If να j,l (α j,l ) > να′ (α j,l ) then να j,l (β j ) > να′ (β j ) (Lemma 2.7(i)), and, applying also
Proposition 4.7, we obtain
νβ j (β j )να′
(
D∗j,l
)− να′(β j ) νβ j (β j ) − να′(β j ) > νβ j (β j ) − να j,l (β j )
hence we conclude (32). 
5. Aﬃrmative answer: chark= 0
Through this section we assume that chark = 0. Assuming that a wedge Φ on (S, P0) does not lift
to Y , we will apply Hurwitz’s theorem to a morphism of curves determined by Φ . More precisely, the
morphism is the restriction of Φ˜ in (27) to a suitable exceptional curve for ρ˜ .
Proposition 5.1. Let K be an algebraically closed ﬁeld which is an extension of k. Let Φ : Spec K [[ξ, t]] → S
be a K -wedge whose characteristic vectors {ωνΦ,p }p∈IΦ belong to (Q0)m, and let {qγ }γ∈Λ be the factors of
Φ with respect to C1, . . . ,Cm. For 1  j  s and 1  l mj, let us choose a divisor D j,l satisfying (a) to (c)
in 2.6, and set
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∏
γ∈Λ j,l\{β j}
q
νγ (D j,l)
γ ∈ K [[ξ, t]].
Then, for each j, 1 j  s, and l = (l1, l2, l3), being l1, l2, l3 three different elements in {1, . . . ,mj}, there exist
units o1j,l,o
2
j,l,o
3
j,l in K [[ξ, t]] such that the following equality holds in K [[ξ, t]]:
o1j,l Q j,l1 + o2j,l Q j,l2 + o3j,l Q j,l3 +
∑
n
δ j,l,n
∏
γ∈Λ
q
νγ (Dn)
γ = 0
where n = (n1, . . . ,nm) runs over all the uples in (Z0)m such that Dn = n1
1 + · · · + nm
m − β j is a
divisor whose coeﬃcient in Eβ j is strictly positive and δ j,l,n is either a unit in K [[ξ, t]] or equal to 0.
Proof. Recall the deﬁnition of F j,l ∈ k[[Z1, . . . , Zm]] in (22). Let d = dβ j , so that dβ j is a divisor.
Then, for each monomial ZN in the development of Fdj,l , its image z
N by ψ belongs to R (see (21)
after Proposition 2.17). More precisely, if N = n1 +· · ·+nd where ni = (ni,1, . . . ,ni,m) ∈ (Z0)m and zni
is either equal to g j,l , l = l1, l2, l3, or it is a term appearing in g+j,l , then Q-divE(zN ) =
∑
i Dni + dβ j
is an effective divisor, since each Dni is an effective divisor. Therefore z
N ∈ R , and ψ(Fdj,l) = 0 deﬁnes
a relation in R . On the other hand, for every zN ∈ R ,
Φ
(
zN
)= oN ∏
p∈IΦ
pνΦ,p(z
N ) = oN
∏
γ∈Λ
q
νγ (zN )
γ ∈ K [[ξ, t]]
where oN is a unit in K [[ξ, t]]. In particular, since gdj,l3 ∈ R and since we may extract d-roots in
K [[ξ, t]] because K is algebraically closed of characteristic 0, there exists a unit ol3 in K [[ξ, t]], such
that
Φ
(
gdj,l3
)= (ol3)d ∏
γ∈Λ
q
νγ (dβ j )
γ (Q j,l3)
d
and, since gd−1j,l3 g j,l ∈ R , for l = l1, l2, there exists a unit ol such that
Φ
(
gd−1j,l3 g j,l
)= od−1l3 ol ∏
γ∈Λ
q
νγ (dβ j )
γ (Q j,l3)
d−1Q j,l. (34)
More generally, for every n ∈ (Z0)m such that Dn is an effective divisor, there exists a unit on in
K [[ξ, t]] such that
Φ
(
gd−1j,l3 z
n)= od−1l3 on ∏
γ∈Λ
q
νγ (dβ j )
γ (Q j,l3)
d−1 ∏
γ∈Λ
q
νγ (Dn)
γ .
Now note that, being N = n1 + · · · + nd as before, we have zN = zn1 zn2 . . . znd = (
∏d
i=1(zni g
d−1
j,l3
))/
gd(d−1)j,l3 , hence
Φ
(
zn1 zn2 . . . znd
)= ∏
γ∈Λ
q
νγ (dβ j )
γ
d∏
i=1
oni
(∏
γ∈Λ
q
νγ (Dni )
γ
)
.
A.J. Reguera / Journal of Algebra 366 (2012) 126–164 153Set o3j,l := ol3 , o1j,l := −λ1j,lol1 , o2j,l := −λ2j,lol2 and δ j,l,n = −μ j,l,non (see (22)). Then, applying Φ to
each of the terms in the expression of Fdj,l , and dividing by its greatest common divisor, which is∏
γ∈Λ q
νγ (dβ j )
γ , we obtain a d-power of the desired equality in K [[ξ, t]]. From this the result fol-
lows. 
Corollary 5.2. Let K be an algebraically closed ﬁeld which is an extension of k. Let Φ : Spec K [[ξ, t]] → S be
a K -wedge whose characteristic vectors {ωνΦ,p }p∈IΦ belong to (Q0)m. Let O ′ be a point inﬁnitely near the
closed point O of K [[ξ, t]] and let {qγ (ΦO ′)}γ∈Λ be the factors of ΦO ′ with respect to C1, . . . ,Cm (see (28)).
For 1 j  s and 1 lmj, let us choose a divisor D j,l as in 2.6 and let
Q j,l(ΦO ′) =
∏
γ∈Λ j,l\{β j}
(
qγ (ΦO ′)
)νγ (D j,l) for 1 lmj .
Then, for each j, 1 j  s, and l = (l1, l2, l3), being l1, l2, l3 three different elements in {1, . . . ,mj}, we have
the following equality in ÔW ′,O ′ = K [[u, v]]:
o1j,l Q j,l1(ΦO ′) + o2j,l Q j,l2(ΦO ′) + o3j,l Q j,l3(ΦO ′) + sO ′(u, v) = 0
where o1j,l,o
2
j,l,o
3
j,l are units in K [[u, v]], and sO ′(u, v) ∈ K [[u, v]] satisﬁes
multO ′ sO ′(u, v)min
{
multO ′
(
Q j,l(ΦO ′)
) /
l = l1, l2, l3
}
being the inequality strict if the right-hand side term is strictly positive.
Proof. Keep the notation in 3.13. Let us consider the equality in ÔW ′,O ′ = K [[u, v]] obtained from F j,l
for the K -wedge ΦO ′ as in Proposition 5.1. It is the strict transform by the morphism Spec K [[u, v]] →
Spec K [[ξ, t]] of the equality in K [[ξ, t]] obtained from F j,l for Φ . Moreover, it can be expressed as in
the corollary, where
sO ′(u, v) =
∑
n
δ j,l,n
∏
γ∈Λ
(
qγ (ΦO ′)
)νγ (Dn) =∑
n
δ j,l,nu
an vbn
∏
γ∈Λ
(
q′γ
)νγ (Dn)
n running over all the uples in (Z0)m such that Dn = n1
1 + · · · + nm
m − β j is a divisor whose
coeﬃcient in Eβ j is strictly positive, δ j,l,n being either a unit in K [[u, v]] or equal to 0, and an :=∑
γ∈Λ nγ (u)νγ (Dn),bn =
∑
γ∈Λ nγ (v)νγ (Dn).
The assertion about multO ′ sO ′(u, v) follows from Corollary 2.18 applied to the order function on
R given by f → multO ′(Φ( f )) for f ∈ R . 
Corollary 5.3. Let β j be a node of Γ , let l, 1 lmj, and set
J j,l :=
{(
j′, l′
) /
1 j′  s, 1 l′ mj′ and Λ j′,l′ ⊂ Λ j,l, Λ j′,l′ = Λ j,l
}
.
Let K be algebraically closed, K ⊇ k, and Φ : WO = Spec K [[ξ, t]] → S a K -wedge which does not lift to Y .
Suppose that there exists a point O ′ inﬁnitely near O such that the resolution W˜ of Φ strictly dominates WO ′
and the strict transform CO ′ in W˜ of the exceptional curve of the blowing up of WO ′ at O ′ is sent by Φ˜
onto Eβ j .
Let {qγ }γ∈Λ be the factors of Φ with respect to C1, . . . ,Cm and, for each γ ∈ Λ, let q′γ ∈OWO ′ ,O ′ deﬁn-
ing the strict transform in WO ′ of the curve qγ = 0. Let u, v be a regular system of parameters of OWO ′ ,O ′
as in 3.13, and qγ (ΦO ′) = unγ (u)vnγ (v)q′γ as in (28), so that {qγ (ΦO ′)}γ∈Λ are the factors of ΦO ′ , and if
154 A.J. Reguera / Journal of Algebra 366 (2012) 126–164nγ (u) > 0 for some γ ∈ Λ then u = 0 is an exceptional curve for WO ′ → WO , and analogously for v. Let in
denote the initial form in K [[u, v]].
Let us choose divisors D j,l and {D j′,l′ }( j′,l′)∈J j,l as in 2.6, and let
Q j′,l′(ΦO ′) =
∏
γ∈Λ j′,l′ \{β j′ }
qγ (ΦO ′)
νγ (D j′,l′ ), for ( j′, l′) ∈ J j,l ∪ {( j, l)}.
Then we have:
(i) There exists m0 > 0, such that multO ′ Q j,l(ΦO ′) =m0 for 1 lmj.
(ii) For every node β j′ ∈ Λ j,l and ( j′, l′1), ( j′, l′2) ∈J j,l , there exists λ j′,l′1,l′2 ∈ K \ {0} such that
in
(
Q j′,l′1(ΦO ′)
)= λ j′,l′1,l′2 in(Q j′,l′2(ΦO ′)).
(iii) For every ( j′, l′) ∈ J j,l ∪ {( j, l)}, and for every divisor D ∈ E+Λ j′,l′ such that D · Eα′ = 0 for α′ ∈ Λ j′,l′ \
{
1, . . . , 
m}, there exists λ ∈ K \ {0} such that∏
γ∈Λ j′,l′ \{β j′ }
in
(
qγ (ΦO ′)
)νγ (D) = λ in(Q j′,l′(ΦO ′))να j′,l′ (D).
Proof. The hypothesis implies that the restriction by Φ of multO ′ is a nonzero multiple of νβ j , and
hence the characteristic vectors of Φ belong to (Q0)m . Then, from Corollary 5.2 and since νβ j (g j,l) =
νβ j (g j,l′ ) for every l, l
′ , 1 l, l′ mj , it follows that there exists m0 ∈N ∪ {0} satisfying (i). Moreover,
(i) in Proposition 3.14 is satisﬁed for the wedge ΦO ′ , and this implies that m0 > 0. For (ii), given β j′ ∈
Λ j,l , let l′0 be the unique element in {1, . . . ,mj′ } such that β j ∈ Λ j′,l′0 , i.e. ( j′, l′0) /∈J j,l; then it suﬃces
to look at the initial forms in the equation obtained applying Corollary 5.2 to ΦO ′ and the data j′ and
l′ = (l′1, l′2, l′0), since we have νβ j (g j′,l′0 ) = νβ j (β j′ ) + νβ j (D j′,l′0 ) > νβ j (β j′ ) = νβ j (g j′,l′1 ) = νβ j (g j′,l′2 ).
For (iii), given ( j′, l′) ∈ J j,l ∪ {( j, l)}, and a divisor D ∈ E+Λ j′,l′ such that D · Eα′ = 0 for α′ ∈ Λ j′,l′ \
{
1, . . . , 
m}, there exists an m-uple of nonnegative integers n such that Q-divE(zn) = rβ j′ +D where
r = να j′,l′ (D). Let g j′,l′ be a monomial in the zi ’s such that Q-divE(g j′,l′ ) = β j′ + D j′,l′ and let d ∈ N
be such that (zn)d, (g j′,l′ )rd ∈ R . Let n := rdνβ j (β j′ ), then we have
νβ j
((
zn
)d)= νβ j ((g j′,l′)rd)= n, (35)
να j,l0
((
zn
)d)= να j,l0 ((g j′,l′)rd) for every α j,l0 ∈ adjΓ (β j) (36)
(if ( j′, l′) = ( j, l0) then the integer in (36) is rdνα j,l0 (β j′ ); if ( j′, l′) = ( j, l0) then it is equal to
rdνα j,l0 (β j′ ) + rd because να j′,l′ (dD) = να j′,l′ (rd D j′,l′ ) = rd). Note that (zn)d, (g j′,l′ )rd ∈ pβ j ,n \ p+β j ,n
(by (35), see 2.16 for notation), and recall that the exact sequence of sheaves
0 →OY (−Dβ j ,n − Eβ j ) →OY (−Dβ j ,n) →OEβ j ⊗OY (−Dβ j ,n) → 0
induces an isomorphism
pβ j ,n/p
+
β j ,n
ηβ j ,n−→ Γ (Y ,OEβ j (dβ j ,n))∼= k[Y0, Y1]dβ j ,n
(see (19)). Now, the quotient (zn)d/(g j′,l′ )rd restricts to a nonzero rational function on Eβ j (by (35))
which has neither zeroes nor poles (by (36)), hence this restriction is equal to λ′ ∈ k\{0}. Equivalently,
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O ′ and looking at the initial forms in K [[u, v]], we
conclude that in(ΦO ′((z
n)d) = λ′ in(ΦO ′((g j′,l′ )rd). From this (iii) follows. 
Remark 5.4. Let Φ : WO = Spec K [[ξ, t]] → S be a K -wedge which does not lift to Y , where K is
algebraically closed. Then, the restriction by Φ of the divisorial valuation multO is a multiple of νβ j
if and only if the strict transform in W˜ of the exceptional curve CO obtained by blowing up WO at
O is sent by Φ˜ onto Eβ j . Hence, in this case we have a morphism ϕO : P1K ∼= CO → Eβ j ∼= P1k induced
by Φ˜ . Let dO be the degree of the sheaf ϕ∗O (OEβ j (1)) and let m0 be the integer in Corollary 5.3(i),
i.e. satisfying m0 = multO Q j,l for 1  l  mj . We will show that dO  m0 and dO = m0 if there
exist two different l, l′ ∈ {1, . . . ,mj} such that in(Q j,l) and in(Q j,l′ ) do not have common factor. In
particular, if {in(Q j,l)}1lmj do not have a common factor, then dO ′ = m0 (this follows from the
previous assertion, taking initial forms in the equalities in Proposition 5.1).
In fact, given l, l′ ∈ {1, . . . ,mj}, l = l′ , let Y0, Y1 be homogeneous coordinates in Eβ j ∼= P1k so that
Y0 = 0 (resp. Y1 = 0) is the intersection point of Eβ j with Eα j,l (resp. with Eα j,l′ ). Let U , V be homoge-
neous coordinates in CO ∼= P1K so that the strict transform of the line aξ +bt = 0 deﬁnes aU +bV = 0,
for a,b ∈ K . Let d ∈ N be such that gdj,l and gd−1j,l g j,l′ belong to R . The quotient gdj,l/gd−1j,l g j,l′ re-
stricts to a rational function on Eβ j with a zero in Eβ j ∩ Eα j,l and a pole in Eβ j ∩ Eα j,l′ , hence equal
to λ Y0Y1 where λ ∈ k \ {0}. On the other hand, the quotient Φ(gdj,l)/Φ(gd−1j,l g j,l′ ) = Q j,l/Q j,l′ re-
stricts to the rational function inU ,V (Q j,l)/inU ,V (Q j,l′ ) on CO , where inU ,V (Q j,l) denotes the image
of in(Q j,l) ∈ K [ξ, t] by the K -morphism K [ξ, t] → K [U , V ], ξ → U , t → V . From this it follows that
ϕ

O (Y0) =
inU ,V (Q j,l)
h(U , V )
, ϕ

O (Y1) = λ
inU ,V (Q j,l′)
h(U , V )
where ϕO : k[Y0, Y1] → K [U , V ] is the morphism of graded rings induced by ϕO , and h(U , V ) is a
homogeneous polynomial in K [U , V ] such that the ideal (h(U , V )) is g.c.d.(inU ,V (Q j,l), inU ,V (Q j,l′ )).
Since m0 = multO Q j,l = multO Q j,l′ , we conclude that dO = deg(ϕO (Y0)) = deg(ϕO (Y1)) = m0 −
deg(h(U , V ))m0. Moreover, if in(Q j,l) and in(Q j,l′ ) do not have common factor, then h(U , V ) be-
longs to K \ {0} and hence, dO =m0.
Applying the existence of the divisors D∗j,l in Proposition 4.7, we obtain the following:
Lemma 5.5. Keep the hypothesis and the notation in Corollary 5.3. For 1 l mj, let D∗j,l be a divisor as in
Proposition 4.7, let n j,l be the number of different irreducible factors, up to product by a unit, of in(Q j,l(ΦO ′)),
and let e j,l be the number of elements u′ in {u, v} such that the center of νΦO ′ ,u′ on Y is contained in⋃
α′∈Λ j,l Eα′ . Then:
∑
γ∈Λ j,l\{β j}
multO ′q
′
γ νγ
(
D∗j,l
)
 n j,l − e j,l. (37)
and
∑
γ∈Λ\{β j}
multO ′q
′
γ νγ (β j ) νβ j (β j )
( ∑
1lmj
n j,l −
∑
1lmj
e j,l −m0
)
−m0 +
∑
1lmj
e j,l
(
νβ j (β j ) − να j,l (β j )
)
. (38)
156 A.J. Reguera / Journal of Algebra 366 (2012) 126–164Proof. Given l, 1  l mj , by Proposition 4.7, we have να′ (D∗j,l)  1 for every α′ ∈ Λ j,l , and there
exists il ∈ Λ j,l ∩ {1, . . . ,mj} such that νil (D∗j,l) = (−D∗j,l · Eil )  1. Let us denote by chl the chain
ch(α j,l, il). We will apply Corollary 5.3 to prove that n j,l is equal to the number of different lin-
ear factors, modulo product by a unit, of
∏
γ∈chl in(qγ (ΦO ′)): For every subset Λ0 of Λ, let us
denote F(Λ0) the set of irreducible linear factors of
∏
γ∈Λ0 in(qγ (ΦO ′)). For ( j
′, l′) ∈ J j,l ∪ {( j, l)},
let Factors(in(Q j′,l′ (ΦO ′))) be the set of irreducible linear factors of in(Q j′,l′ (ΦO ′)). Then, by (ii) in
Corollary 5.3, for every β j′ ∈ Λ j,l and ( j′, l′1), ( j′, l′2) ∈J j,l , we have
Factors
(
in
(
Q j′,l′1(ΦO ′)
))= Factors(in(Q j′,l′2(ΦO ′))) (39)
Given ( j′, l′) ∈ J j,l ∪ {( j, l)}, it is clear that F(Λ j′,l′ ) ⊆ Factors(in(Q j′,l′ (ΦO ′ ))) ⊆ F(Λ j′,l′ \ {β j′ }). Be-
sides, for every i ∈ Λ j′,l′ ∩ {1, . . . ,m}, there exists a divisor Di ∈ E+Λ j′,l′ such that Di · Eα′ = 0 for
α′ ∈ Λ j′,l′ \ {
i}, thus νi(Di) = (−Di · E
i ) > 0. Therefore, from (iii) in Corollary 5.3 we conclude that
Factors
(
in
(
Q j′,l′(ΦO ′)
))=F(Λ j′,l′ \ {β j′ }) for ( j′, l′) ∈ J j,l ∪ {( j, l)}. (40)
Let us prove that, for every ( j′, l′) ∈J j,l ∪ {( j, l)} such that α j′,l′ ∈ chl , we have
F(Λ j′,l′ \ {β j′ })=F(chl ∩ Λ j′,l′ \ {β j′ }). (41)
We argue by induction on the number n of nodes in Λ j′,l′ ∩ chl . If n = 0 then Λ j′,l′ \ {β j′ } = chl ∩
Λ j′,l′ \ {β j′ }, hence the result is clear. Suppose that n  1 and the result holds for n − 1. Let β j1 be
the unique node in Λ j′,l′ which is adjacent to β j′ in S . Then, Λ j′,l′ \ {β j′ } is the union of ch(α j′,l′ , β j1 )
and
⋃
( j1,l′1)∈J j,l (Λ j1,l′1 \ {β j1 }) Since β j1 is in chl , because α j′,l′ is, there exists l1, 1 l1 mj1 , such
that ( j1, l1) ∈J j,l and α j1,l1 ∈ chl . Thus, from (39) and (40) we conclude that
F(Λ j′,l′ \ {β j})=F(ch(α j′,l′ , β j1))∪F(Λ j1,l1 \ {β j1}).
By inductive hypothesis, F(Λ j1,l1 \ {β j1 }) = F(chl ∩ Λ j1,l1 \ {β j1 }), therefore (41) holds. From (41)
applied to ( j, l) we conclude that n j,l is equal to the number of different linear factors, modulo
product by a unit, of
∏
γ∈chl in(qγ (ΦO ′)).
Therefore, the number of different linear factors, modulo product by a unit, of
∏
γ∈chl in(q
′
γ ) is
equal to n j,l −e′j,l where e′j,l is the number of elements u′ in {u, v} which do not divide
∏
γ∈chl in(q
′
γ )
and satisfying that there exists γ ∈ chl such that nγ (u′) > 0. Let us show that e′j,l  e j,l . In fact, recall
that, for γ ∈ Λ (resp. γ = i ∈ {1 . . .m}), we have that nγ (u) > 0, or equivalently u divides qγ (ΦO ′ ),
if and only if the center on Y of the order function νΦO ′ ,u is contained in Eγ (resp. in Ci if γ = i),
and analogously for v (see (28) and the remark after Deﬁnition 3.7). Therefore e j,l is equal to the
number of elements u′ in {u, v} such that nα′ (u′) > 0 for some α′ ∈ Λ j,l and hence, it suﬃces to
show that nil (u
′) > 0 implies n
il (u
′) > 0 for u′ ∈ {u, v}. Suppose that nil (u) > 0, then the center on Y
of νΦO ′ ,u is contained in Cil . Besides, nil (u) > 0 implies that the curve Cu given by u = 0 on WO ′ is
an exceptional curve for the morphism ρO ′ : WO ′ → WO (see 3.13, below (28)), and hence, the center
on Y of νΦO ′ ,u , which is the image by Φ˜ of the strict transform C
′
u on W˜ of Cu , is contained in⋃
α′∈Λ Eα′ . Thus it is the point Cil ∩ (
⋃
α′∈Λ Eα′ ) = Cil ∩ E
il . Since it is contained in E
il , we conclude
that n
il (u) > 0. The same reasoning holds for v . Therefore e
′
j,l  e j,l , and hence∑
γ∈Λ j,l\{β j}
multO ′q
′
γ νγ
(
D∗j,l
)

∑
γ∈chl
multO ′q
′
γ  n j,l − e j,l.
This proves (37).
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is a divisor. Then D ∈ E+Λ j,l and D · Eα′ = 0 for α′ ∈ Λ j,l \ {
1, . . . , 
m}, hence we can apply (iii) in
Corollary 5.3 to D . Computing multiplicities in the obtained equality, and dividing by r, we conclude
that
∑
γ∈Λ j,l\{β j}mγ νγ () =m0 where mγ := multO ′qγ (ΦO ′) for γ ∈ Λ. From this it follows that
∑
γ∈Λ j,l\{β j}
mγ νγ (β j ) = νβ j (β j )
∑
γ∈Λ j,l\{β j}
mγ νγ
(
D∗j,l
)− (νβ j (β j ) − να j,l (β j ))m0.
Since mγ = multO ′q′γ + nγ (u) + nγ (v) for γ ∈ Λ, we obtain
∑
γ∈Λ j,l\{β j}
multO ′q
′
γ νγ (β j ) = νβ j (β j )
∑
γ∈Λ j,l\{β j}
multO ′q
′
γ νγ
(
D∗j,l
)
− (νβ j (β j ) − να j,l (β j ))m0
+
∑
γ∈Λ j,l\{β j}
(
nγ(u) + nγ (v)
)(
νβ j (β j )νγ
(
D∗j,l
)− νγ (β j )).
Adding these equalities for 1 l mj , and applying the inequalities in (37) and in Corollary 4.9, we
conclude (38). In fact, recall that β j · Eβ j = −1, i.e.
∑
1lmj να j,l (β j ) = (mj − 1) νβ j (β j ) − 1, and
note that
∑
γ∈Λ j,l\{β j}(nγ(u) + nγ (v)) e j,l . This concludes the proof. 
Proposition 5.6. Let Eα be an essential exceptional curve. Suppose that there exists a K -wedge
Φ : Spec K [[ξ, t]] → S centered at a general element of Nα with respect to C1, . . . ,Cm, which does not lift
to the minimal desingularization Y of (S, P0), where K is an algebraically closed ﬁeld. Let Φ˜ : W˜ → Y be the
resolution ofΦ and let {qγ }γ∈Λ be the factors ofΦ with respect to C1, . . . ,Cm. Then, there exists a nonminimal
node β j of Γ which is decreasing in ch(β j,α), and a point O ′ inﬁnitely near O such that:
(i) W˜ strictly dominates WO ′ and the strict transform CO ′ in W˜ of the exceptional curve of the blowing up
of WO ′ at O ′ is sent by Φ˜ onto Eβ j .
(ii) There is no point O ′′ inﬁnitely near O ′ , O ′′ = O ′ , satisfying (i).
Proof. First note that (S, P0) is not a minimal surface singularity since Φ does not lift to Y (Corol-
lary 2.6 in [Re1], see also Corollaries 3.10 and 4.4). Thus, there exists a nonminimal node β j of Γ
which is decreasing in ch(β j,α) (Lemma 4.5). Any such node β j satisﬁes:
qγ is a unit for every γ ∈ ch(β j,α). (42)
In fact, we have ωα =∑γ∈Λ ordt(θ0(qγ ))ωγ since Φ is centered at a general element of Nα with
respect to C1, . . . ,Cm , (Proposition 3.8(ii)), and this decomposition of ωα is nontrivial (Lemma 3.9).
This implies that ordt(θ0(qα)) = 0, or equivalently, qα is a unit. Besides, if α = β j , let i0, 1 i0 m,
be such that α /∈ ch(β j, i0) and let α0 ∈ ch(β j,α)\ {α}. Looking at the i0-th coordinate in the previous
decomposition of ωα we obtain να(zi0) ordt(θ0(qα0))να0 (zi0 ), and, since 
i0 · Eγ = β j · Eγ = 0 for
γ ∈ Λ j,l , being l, 1 lmj , such that α ∈ Λ j,l , by Lemma 2.7(i),
να0(zi0)
να(zi )
= να0(β j )
να(β )
> 10 j
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and hence (42) holds. Then, applying (15) in Lemma 2.13 to the nontrivial decomposition ωα =∑
γ∈Λ ordt(θ0(qγ ))ωγ , it follows that
∀i, 1 i m, there exists γ ∈ ch(β j, i) \ {β j} such that qγ is not a unit.
In particular, the equivalent conditions in Proposition 3.14 hold for the wedge Φ and the essential
exceptional curve Eβ j (see (ii) in 3.14). This implies that there exists a point O
′ inﬁnitely near O
satisfying (i). Moreover, we may choose O ′ satisfying (i) and maximal with this property in the tree
of points inﬁnitely near O that we have to blow up to obtain W˜ . Then (i) and (ii) hold. 
Theorem 5.7. Let X be a surface over an algebraically closed ﬁeld of characteristic 0, and let P0 ∈ X be such
that the formal neighborhood (S, P0) of P0 on X is a rational surface singularity. Let να be an essential divisor
over (S, P0) and let Φ : Spec K [[ξ, t]] → S be a K -wedge centered at a general element of Nα with respect to
C1, . . . ,Cm. Then Φ lifts to the minimal desingularization Y of (S, P0).
In particular, the minimal desingularization of X satisﬁes the property of lifting wedges centered at Pα , and
να belongs to the image of the Nash map. Moreover, π satisﬁes the property of lifting k-wedges with respect to
Eα .
Proof. The second assertion will follow from the ﬁrst one applying [Re2], Th. 5.1. The third asser-
tion will also follow from the ﬁrst one (see Deﬁnition 3.5). Let us prove the ﬁrst assertion. Let
Φ : Spec K [[ξ, t]] → S be as in the theorem and let {qγ }γ∈Λ be the factors of Φ with respect
to C1, . . . ,Cm . Then Φ lifts to Y if and only if qγ is a unit for every γ ∈ Λ \ {α} (Lemma 3.9).
Since the center of Φ is a general element of Nα with respect to C1, . . . ,Cm , we have that ξ
does not divide Φ(xi) ∈ K [[ξ, t]] for every i, 1  i m. In fact, ordt θ0(Φ(xi)) = να(xi) ∈ N, where
θ0 : K [[ξ, t]] → K [[t]] is the K -morphism deﬁned by θ0(ξ) = 0, θ0(t) = t (Proposition 3.8(ii)). Thus,
for each irreducible element p of K [[ξ, t]] whose characteristic vector ωΦ,p is nonzero, i.e. p ∈ IΦ
(Deﬁnition 3.6), np := ordt θ0(p) is a positive integer and, if sp ∈ K [[ξ
1
np ]] is a Puiseux series which is
a t-root of p, where K is an algebraic closure of K , then
p = op
∏
1knp
(t − sp,k) in K
[[
ξ
1
np , t
]]
(43)
where sp,k , 1 k np , are the conjugates of sp and op is a unit in K [[ξ, t]].
Let n be the smallest common multiple of {np}p∈IΦ , which is a positive integer, let
Θn : Spec K [[ξ, t]] → Spec K [[ξ, t]] be the K -morphism deﬁned by
Θ

n : K [[ξ, t]] → K [[ξ, t]], ξ → ξn, t → t
and let us consider the wedge
Φ = Φ ◦ Θn : Spec K [[ξ, t]] → S.
Let us show that the factors {qγ (Φ)}γ∈Λ of Φ with respect to C1, . . . ,Cm are, modulo product by a
unit:
qγ (Φ) = Θn(qγ ) for γ ∈ Λ. (44)
In fact, let p be an irreducible element of K [[ξ, t]]. From (43) it follows that the characteristic vector
ωΦ,p is nonzero, i.e. there exists i, 1  i m, such that p divides Φ

(xi), if and only if p is equal,
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ωΦ,p = ωΦ,p because sp,k is not a t-root of p′ , for every p′ ∈ IΦ , p′ different to p modulo product by
a unit. From this (44) follows (see Deﬁnition 3.7).
Note that the center of Φ and the center of Φ are the same points of S∞ . Thus Φ is a K -wedge
centered at a general element of Nα with respect to C1, . . . ,Cm . Besides, from (44) and lemma 3.9
it follows that Φ lifts to Y if and only if Φ lifts to Y . Moreover, by (43) and (44) we have that, for
every γ ∈ Λ, the factor qγ (Φ) decomposes as a product of irreducible factors p in K [[ξ, t]] such that
ordt θ0(p) = 1, where θ0 : K [[ξ, t]] → K [[t]] is the K -morphism deﬁned by θ0(ξ) = 0, θ0(t) = t .
Therefore, in order to prove the ﬁrst assertion in the theorem, we may suppose that the wedge
Φ : Spec K [[ξ, t]] → S satisﬁes ordt θ0(p) = 1 for every p ∈ IΦ , and that K is algebraically closed. Let
us argue by contradiction. If Φ does not lift to Y then, by Proposition 5.6, there exists a nonminimal
node β j of Γ which is decreasing in ch(β j,α) and a point O ′ inﬁnitely near O satisfying (i) and
(ii) in 5.6 (referred as (i) and (ii) through this proof). Note that O ′ belongs to the strict transform
p′ = 0 in WO ′ of the curve p = 0 for at least one of the elements p ∈ IΦ , more precisely, with
the notation in 5.6, there exists γ ∈ Λ \ {β j} and p ∈ IΦ dividing qγ such that multO ′ p′  1 (see
Corollary 5.3(i)). Therefore, the assumption that, for every p ∈ IΦ , we have ordt θ0(p) = 1 and in
particular multO p = 1, and Noether’s formula (see [Ca], Th. 3.5.3) imply that O ′ is not a satellite
point, i.e. either O ′ = O or O ′ lies in only one irreducible component of the exceptional locus of
ρO ′ : WO ′ → WO .
Let u, v be a regular system of parameters of the local ring of WO ′ at O ′ as in 3.13, i.e. such
that neither u nor v divide q′γ for every γ ∈ Λ, where q′γ ∈ OWO ′ ,O ′ deﬁnes the strict transform
in WO ′ of the curve qγ = 0. We may suppose that v = 0 is not an exceptional curve for ρO ′ . Then
ωΦO ′ ,v = 0 and the factors of ΦO ′ with respect to C1, . . . ,Cm can be expressed as qγ (ΦO ′) = unγ (u)q′γ ,
for γ ∈ Λ, where ωνΦO ′ ,u =
∑
γ nγ (u)ωγ is the geometric decomposition of ωνΦO ′ ,u and ωνΦO ′ ,u = 0
implies that u = 0 is an exceptional curve for ρO ′ . For 1 lmj , let us choose a divisor D j,l as in 2.6,
set Q j,l(ΦO ′) :=∏γ∈Λ j,l\{β j} qγ (ΦO ′)νγ (D j,l) and, as in Lemma 5.5, let n j,l be the number of different
irreducible factors up to product by a unit of in(Q j,l(ΦO ′)), and let e j,l be equal to 1 (resp. 0) if
the center of νΦO ′ ,u on Y is contained (resp. is not contained) in
⋃
α′∈Λ j,l Eα′ . Note that we have
0
∑
l e j,l  1.
From (i) it follows that there exists dO ′ > 0 such that multO ′ Q j,l(ΦO ′) = dO ′ for 1  l  mj
(Corollary 5.3(i)). Moreover, since {in(Q j,l(ΦO ′))}1lmj do not have a common factor by (ii) and
Proposition 3.14, dO ′ is the degree of ϕ∗O ′(OEβ j (1)) (Remark 5.4). Since the special arc P of the wedge
Φ satisﬁes ωνP = ωα , by Proposition 3.8(ii) we have
ωα =
∑
γ∈Λ
ordt θ0(qγ )ωγ 
∑
γ∈Λ
multOqγ ωγ 
∑
γ∈Λ
multO ′q
′
γ ωγ . (45)
Since β j is decreasing in ch(β j,α) and the decomposition of ωα in (45) is nontrivial (Lemma 3.9), we
have that qγ , and hence q′γ , is a unit for every γ ∈ ch(β j,α) ((42) in the proof of Proposition 5.6).
Since mj  3, we can take l1 ∈ {1, . . . ,mj} satisfying that α /∈ Λ j,l1 and that the center of νΦO ′ ,u on
Y is not contained in
⋃
γ∈Λ j,l1\{β j} Eγ , i.e. qγ (ΦO ′) = q
′
γ for every γ ∈ Λ j,l1 \ {β j}. Let g j,l1 be, as
in 2.6, a monomial in the zi ’s, i ∈ Λ j,l1 ∩ {1, . . . ,m}, such that Q-div(g j,l1 ) = β j + D j,l1 , in particular
να(g j,l1 ) = να(β j ). Then, since β j is decreasing in ch(β j,α), by (45), we have
νβ j (β j ) = νβ j (g j,l1) να(g j,l1)
∑
γ∈Λ\{β j}
multO ′q
′
γ νγ (g j,l1)
and dO ′ =∑γ∈Λ j,l1\{β j} multO ′q′γ νγ (D j,l1 ). Hence, for 1 lmj , we have
∑
γ∈Λ j,l\{β j}
multO ′q
′
γ νγ (g j,l1) =
{∑
γ∈Λ j,l\{β j} multO ′q
′
γ νγ (β j ) if l = l1,
dO ′ +∑γ∈Λ j,l1\{β j} multO ′q′γ νγ (β j ) if l = l1,
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νβ j (β j ) dO ′ +
∑
γ∈Λ\{β j}
multO ′q
′
γ νγ (β j ).
Moreover, applying (38) in Lemma 5.5, we conclude that
νβ j (β j ) νβ j (β j )
( ∑
1lmj
n j,l −
∑
1lmj
e j,l − dO ′
)
+
∑
1lmj
e j,l
(
νβ j (β j ) − να j,l (β j )
)
. (46)
For 1  l  mj , in(Q j,l(ΦO ′)) is a homogeneous polynomial in K [u, v] of degree dO ′ . Let
in(Q j,l(ΦO ′)) =∏n j,li=1(l,i)dl,i be its decomposition in linear factors, thus g.c.d.(l,i, l,i′ ) = 1 for i = i′ ,
the dl,i ’s are positive integers and dO ′ =∑n j,li=1 dl,i . Since the elements {in(Q j,l(ΦO ′))}1lmj do not
have a common factor by (ii), we have
g.c.d.(l,i, l′,i′) = 1 for l = l′, 1 l, l′ mj and 1 i  n j,l, 1 i′  n j,l′ . (47)
Let us ﬁx l2 in {1, . . . ,mj} \ {l1}, and set J := Jac(in(Q j,l1 (ΦO ′ )), in(Q j,l2 (ΦO ′ ))) the jacobian de-
terminant. We have that J is nonzero hence it is a homogeneous polynomial of degree 2dO ′ − 2
and moreover,
∏n j,l1
i=1 (l1,i)
dl1,i−1 and
∏n j,l2
i=1 (l2,i)
dl2,i−1 divide J (see [Ca], Lemma 7.1.2). For l ∈
{1, . . . ,mj} \ {l1, l2}, let l = (l1, l2, l), and let us consider the equality in K [[u, v]] obtained applying
Corollary 5.2 to ΦO ′ and the data j, l. Taking the homogeneous part of lower degree, i.e. of degree
dO ′ , in each of these equalities, we obtain
in
(
Q j,l(ΦO ′)
)= λl,1 in(Q j,l1(ΦO ′))+ λl,2 in(Q j,l2(ΦO ′)) for 1 lmj
where λl,1, λl,2 ∈ K . Let us ﬁx l = l1: we have λl,2 = 0 (in(Q j,l(ΦO ′)) and in(Q j,l1 (ΦO ′)) do not have
common factor), and Jac(in(Q j,l1 (ΦO ′)), in(Q j,l(ΦO ′))) = λl,2 J therefore
∏n j,l
i=1(l,i)
dl,i−1 divides J .
Thus, applying (47) we obtain that
∏
1lmj
n j,l∏
i=1
(l,i)
dl,i−1 divides J .
From this it follows that
2dO ′ − 2 = deg J 
∑
1lmj
n j,l∑
i=1
(dl,i − 1) =
∑
1lmj
(dO ′ − n j,l). (48)
From (48) and (46) we conclude that
νβ j (β j ) νβ j (β j )
(
(mj − 3)dO ′ + 2−
∑
1lmj
e j,l
)
+
∑
1lmj
e j,l
(
νβ j (β j ) − να j,l (β j )
)
. (49)
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∑
l e j,l  1. There-
fore, from (49) we obtain a contradiction. In fact, if
∑
l e j,l = 0, we obtain νβ j (β j )  2νβ j (β j ). If∑
l e j,l = 1, i.e. there exists l such that e j,l = 1, then
νβ j (β j ) νβ j (β j ) +
(
νβ j (β j ) − να j,l (β j )
)
> νβ j (β j ).
This concludes the proof. 
Corollary 5.8. Let X be a surface over an algebraically closed ﬁeld of characteristic 0, and let n : X → X be
its normalization. Suppose that X has only rational surface singularities. Then, for every essential divisor να
over X, the minimal desingularization of X satisﬁes the property of lifting wedges centered at Pα . In particular,
the Nash mapNX is bijective.
Proof. Let Y be the minimal desingularization of X , which dominates X and is also its minimal
desingularization. Let να be an essential divisor for X and let Pα be the stable point on X∞ deﬁned
by να . If the center of να on X is of codimension 1, then να belongs to the image of the Nash map
NX (see [Re3], Corol. 5.14). If not, then να is an essential divisor for X . Let Pα be the stable point on
X∞ deﬁned by να . Then, every wedge Φ on X centered at the stable point Pα lifts to a wedge Φ on
X centered at Pα (see [Re3], Prop. 3.7(i)). Since X has rational surface singularities, Φ lifts to Y by
Theorem 5.7. Thus the result follows from [Re2], Th. 5.1. 
Corollary 5.9. Let X be a surface over an algebraically closed ﬁeld of characteristic 0, and let n : X → X be
its normalization. Suppose that X has only rational surface singularities. Let να be an essential divisor over X,
and let Aα :=OX∞,Pα . Then we have:
(i) Spec Âα is irreducible and of dimension 1.
(ii) dim Aα = 1.
(iii) The ring ( Âα)red is isomorphic to (( Âα)red)red and is a regular local ring.
(iv) The integral closure (Aα)red of (Aα)red in its quotient ﬁeld is a regular local ring.
Proof. It follows from Corollary 5.8 and [Re3], Corols. 5.12 and 5.15. 
Lemma 5.10. Let (X, P0) be a normal surface singularity over an algebraically closed ﬁeld k of character-
istic 0. Let να be an essential divisor over (X, P0) and let Pα be the stable point of X∞ deﬁned by να . Let
Φ : Spec K [[ξ, t]] → X be a K -wedge centered at Pα . Suppose that
√
Φ(M) = (ξ, t)
where M is the maximal ideal of R =OX,P0 and Φ : R → K [[ξ, t]] the morphism induced by Φ . Then, there
exist a ﬁnite ﬁeld extension K ′ of K and a ﬁnite K [[ξ ]]-morphism Θ : Spec K ′[[u, t]] → Spec K [[ξ, t]] such
that the K ′-wedge Φ ′ = Φ ◦ Θ : Spec K ′[[u, t]] → X satisﬁes:
(i) The center of Φ ′ is Pα .
(ii) Φ ′ lifts to the minimal desingularization Y if and only if Φ lifts to Y .
(iii) The generic arc of Φ ′ is a point of XSing∞ .
Proof. Recall that Φ is injective ([Re3], Prop. 3.7(i)). Note the following: Let K ′ be a ﬁnite ﬁeld
extension of K and let Θ : K [[ξ, t]] → K ′[[u, t]] be injective, such that K ′[[u, t]] is integral over
K [[ξ, t]] and the following diagram is commutative:
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θ0
K ′[[u, t]]
θ ′0
K [[t]] id K ′[[t]]
where θ ′0 is the K ′-morphism deﬁned by θ ′0(u) = 0, θ ′0(t) = t . Then the K ′-wedge Φ ′ = Φ ◦ Θ :
Spec K ′[[u, t]] → X satisﬁes (i) and (ii). In fact, to show that, if there exists a lifting Spec K ′[[u, t]] →
(Y , Q 0) then Φ also lifts to (Y , Q 0) note that, given f ∈OY ,Q 0 , its image in K ′[[u, t]] belongs to the
fraction ﬁeld of R , hence to the fraction ﬁeld of K [[ξ, t]], and therefore to K [[ξ, t]].
Now, since the morphism Φ is not constant, our hypothesis
√
Φ(M) = (ξ, t) implies that there
exists q ∈ K [[ξ, t]] such that √Φ(M) = (q). If t divides q then the generic arc of Φ is a point of XSing∞ ,
and the lemma holds taking Φ ′ = Φ . Otherwise, there exists an irreducible element p of K [[ξ, t]]
which divides q and such that ordt θ0(p) > 0. Applying the argument in the beginning of the proof of
th. 5.7, that is, taking a Puiseux series which is a t-root of p, after replacing K by a ﬁnite extension
K ′ of K , we may suppose that ordt θ0(p) = 1. Finally, let us consider the K -morphism σ : K [[ξ, t]] →
K [[ξ, t]] deﬁned by σ(t) = p, σ(ξ) = ξ . Note that σ is an isomorphism and that θ0 ◦ σ = θ0. Let
Φ ′ = Φ ◦ Θ : Spec K [[ξ, t]] → X , where Θ = σ−1. Then (i) and (ii) hold for Φ ′ by the remark at the
beginning of this proof, and besides t divides Φ ′( f ) for every f ∈ M . Thus Φ ′ also satisﬁes (iii). 
Recall that a surface is a reduced separated k-scheme of ﬁnite type of equal dimension 2.
Corollary 5.11. Let k be an uncountable algebraically closed ﬁeld of characteristic 0. If for every (irreducible)
normal surface X over k the Nash mapNX is surjective, then the Nash mapNX is surjective for every surface
X over k.
Proof. Let π : Y → X be the minimal desingularization of the surface X , which is the disjoint union
of the minimal desingularizations {Yi}ni=1 of the irreducible components {Xi}ni=1 of X . Let να be an
essential divisor for X and let Pα be the stable point on X∞ deﬁned by να . Applying Theorem 5.7 we
will show that π satisﬁes the property of lifting wedges centered at Pα , thus the result will follow
from [Re2], Th. 5.1. Let Φ : Spec K [[ξ, t]] → X be a K -wedge centered at Pα , or equivalently, an arc
ϕ : Spec K [[ξ ]] → X∞ whose center is Pα . The image of ϕ is contained in an irreducible component of
X∞ . Thus, by [Ko], Ch. IV, Prop. 10 (see also [Re3], Corol. 2.10) there exists an irreducible component
Xi of X such that the image of ϕ lies on (Xi)∞ . Then, Pα is a point on (Xi)∞ , hence the center E0 of
να on Y lies on the minimal desingularization Yi of Xi , since the arc on Xi deﬁned by Pα lifts to an
arc on Yi whose center is E0 (note that here dim E0 may be equal either to 1 or to 0). Let P0 ∈ Xi be
the center of Pα , hence it is the image of E0 by the desingularization Yi → Xi (note that here P0 may
not be a closed point). If P0 /∈ Sing Xi then OXi ,P0 ∼=OYi ,E0 , hence Φ lifts to Yi ⊆ Y . If P0 ∈ Sing Xi ,
then να is an essential divisor over Xi and we have reduced the problem to prove that Φ lifts to Yi .
That is, we may suppose that X is irreducible.
Let n : X → X be the normalization of X . As in the proof of Corollary 5.8, Φ lifts to a wedge
Φ : Spec K [[ξ, t]] → X on X , and we may suppose that the center of να on X is a closed point P0.
Then να is an essential divisor for the formal neighborhood (X, P0) of P0 on X . Let Pα be the stable
point deﬁned by να on X∞ . We have reduced the problem to prove that Φ , which is a wedge on X
centered at Pα , lifts to the minimal desingularization of X . Here a remark has to be made: the generic
arc of Φ may not be in X
Sing
∞ , even if we ask that the generic arc of Φ is in X
Sing∞ . Our hypothesis
asserts that the Nash map NX is surjective, hence if the generic arc of Φ is in X
Sing
∞ then Φ lifts to Y
([Re2], Th. 5.1, see Proposition 3.1). Moreover, applying Lemma 5.10 we obtain that if
√
Φ

(M) = (ξ, t),
where M is maximal ideal of R =OX,P0 , then Φ lifts to Y .
Let us suppose that
√
Φ

(M) = (ξ, t). Let r ∈ N be such that ξ r, tr ∈ Φ(M). Each of the previous
conditions can be seen as a countable number of equalities in K . Since k is uncountable, there exists a
A.J. Reguera / Journal of Algebra 366 (2012) 126–164 163specialization s : K → k such that the induced k-wedge Φs : Speck[[ξ, t]] → S satisﬁes ξ r, tr ∈ Φs(M).
In particular,
√
Φs

(M) = (ξ, t) and Φs is dominant. Thus Φs is ﬁnite and dominant, and this implies
that (X, P0) is a rational surface singularity, even more, a quotient singularity (see [Br], satz 1.7,
2.8). Now, we have a K -wedge Φ : Spec K [[ξ, t]] → (X, P0) centered at Pα . By Th. 5.7, Φ lifts to the
minimal desingularization Y of (X, P0). This concludes the proof. 
6. Example: chark > 0
In this section k will be an algebraically closed ﬁeld of positive characteristic. Let X be a surface
over k, and P0 ∈ X such that the formal neighborhood (S, P0) of P0 on X is the surface singularity
given by x3 + y5 + z2 = 0, which is an E8-singularity. The dual graph Γ of its minimal desingu-
larization π : Y → S is represented in remark 3.12 (26). We have det(Eα′ · Eα′′ )α′,α′′∈Λ = 1, and
divE(x) = 
1 , divE(y) = 
2 , divE(z) = 
3 , that is, with the notation in 2.5, we can choose curves
Ci , 1  i  3, so that x1 = x, x2 = y, x3 = z. If chark = 2, for each λ ∈ k \ {0,1}, let us consider the
k-wedge Φλ : Speck[[ξ, t]] → (S, P0) given by
⎧⎪⎨⎪⎩
x(ξ, t) := Φλ(x) = t4(ξ + λt)6,
y(ξ, t) := Φλ(y) = t2(ξ + λt)4,
z(ξ, t) := Φλ(z) = t5(ξ + λt)9
(
ξ + (1+ λ)t).
In fact, note that, if we set q1 = t , q2 = ξ + λt , q3 = ξ + (1+ λ)t , then
x(ξ, t)3 + y(ξ, t)5 + z(ξ, t)2 = q101 q182
(
q21 + q22 + q23
)= q101 q182 (q1 + q2 + q3)2 = 0.
Let Eα be the exceptional curve for π corresponding to the node, and let Eβ be the exceptional curve
whose characteristic vector is (4,2,5) (see (26)). Recall that E0α is the open subset of Eα obtained
from Eα by removing the 3 points {Eα ∩ Eα0 /α0 ∈ adjΓ (α)}. Then, the generic arc of Φλ lifts to an
arc on Y centered at the generic point of Eβ , and the special arc of Φλ lifts to an arc on Y whose
center is a closed point Q λ in E0α , moreover, it intersects transversally Eα at Q λ , that is, the special
arc of Φλ is in N†(Q λ) (see Deﬁnition 3.3). Since none of the points in E0α is in Eβ , the wedge Φλ
does not lift to Y . Thus, the set of closed points Q 0 in Eα such that every k-wedge whose generic
arc is in XSing∞ and whose special arc lies in N†(Q 0) lifts to Y , is contained in Eα \ {Q λ}λ∈k = Eα \ E0α ,
which consists on 3 closed points. Therefore, this is a counterexample to the property of lifting k-
wedges in XSing∞,∞ with respect to Eα to the minimal desingularization, but not a counterexample to
the surjectivity of the Nash map NX .
Analogously, if chark = 3 (resp. chark = 5), the k-wedges Φλ : Speck[[ξ, t]] → (S, P0), λ ∈ k \
{0,1,−1} (resp. λ ∈ k, λ(λ6 + 1) = 0) deﬁned respectively by
⎧⎪⎨⎪⎩
x(ξ, t) = −(ξ + λt)(ξ + (λ + 2)t)t8,
y(ξ, t) = −t6,
z(ξ, t) = (ξ + (1+ λ)t)3t12,
⎧⎪⎨⎪⎩
x(ξ, t) = t10,
y(ξ, t) = −((ξ + λt)6 + t6),
z(ξ, t) = (ξ + λt)15,
give a counterexample to the property of lifting k-wedges in XSing∞,∞ with respect to Eα (resp. the
property of lifting k-wedges with respect to Eα ). In fact, in the ﬁrst case, the generic arc of Φλ lifts
to an arc on Y centered at the generic point of the exceptional curve whose characteristic vector is
(4,3,6) (see (26)) and whose special arc is in N†(Q λ), where Q λ runs in the set of closed points of
E0α . In the second case, the generic arc of Φλ is not centered at P0, it is centered at the generic point
of C1 and its special arc is in N†(Q λ), where Q λ runs in the set of closed points of E0α .
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